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ABSTRACT 
·This thesis collates the state of the art for flow induced excitation 
in a turbomachine sta]e under subsonic incompressible flow conditions. 
Theoretical developments are considered first, beginning with the vortex 
theories of Kemp and Sears, Henderson, Horlock and Holmes. Actuator 
disk analyses of Whitehead, Henderson and Horlock, and Horlock, Greitzer 
and Henderson are then considered followed by field theories of Osborne, 
Warner and Steele. Computer programs based on these theori~s are 
described and detailed input/output instructions are given. Results of 
these theories are compared and the state of the art for theoretical 
prediction of nonsteady blade loading is discussed. It is concluded 
that the selection of an appropriate analys is is dependent on the 
stage geometry and on the type of excitation, i.e. low per revolution 
or nozzle passing excitation. 
The theoretical development of the hydraulic analogy is discussed. 
Experimental studies of turbomachine stage flow by Harleman and Ippen, Heen 
and Mann, Johnson, Bryant, Owczarek, and Rhomberg are described. The 
development of the RIT rotating water table is also described. Water 
table tests, designed to determine the agreement between theoretically 
and experimentally predicted nonsteady loading of turbomachine blades 
are described and sample results are given. It is concluded that the 
nonsteady blade lo ading results obtained from water table tests compare 
favorably with those ~btained from state of the art theoretical analyses 
for nozzle exit Mach numbers above 0.5. For Mach numbers below this 
value viscous effects become significant, and further studies to eval-
uate the accuracy of the hydraulic analogy under such conditions are 
recommended. 
111 
TABLE OF CONTENTS 
List of Figures 
List of Tables 
Page 
vi ii 
xvi 
l. INTRODUCTION 
2. 
3. 
4. 
REVIEW OF LITERATURE 
2.1 General 
2.2 Development of Vortex Theories 
2.3 Development of Actuator Disk Theories 
2.4 Development of Field Theories 
2.5 Comments 
VORTEX THEORIES 
4 
4 
4 
18 
27 
30 
32 
3.1 General 32 
3.2 Kemp-Sears Theory for Nonsteady Lift on 
Airfoils Due to Transverse Gusts 32 
3.3 Kemp-Sears Analysis of Nonsteady Lift 
on a Rotor Blade Due to Viscous Wakes 47 
3.4 Horlock Analysis for Nonsteady Lift on 
Airfoils Due to Convecting Streamwise Gusts 53 
3.5 Holmes Analysis for Nonsteady Lift on 
Airfoils Due to Nonconvecting Streamwise Gusts 58 
3.6 Holmes Theory for Parabolic Cambered Airfoils 59 
3.7 Mukhopadhyay Analysis for General Camber 
Airfoils 60 
3.8 Comments 61 
3.9 Notation 62 
ACTUATOR DISK THEORIES 
4.1 General 
4.2 Whitehead Actuator Disk Analysis 
4.3 Whitehead Modified Actuator Disk Analysis 
63 
63 
64 
71 
5. 
iT 
4.4 Henderson-Horlock Analysis 87 
4.5 Horlock-Greitzer-Henderson Analysis 95 
4.6 Reduced Frequency Based On Blade Semi-
Chord 101 
4.6. l Reduced Frequency Based on Blade 
Chord 103 
4.6 . 2 Reduced Frequency Based on Blade 
Pitch 103 
4.6.3 Comments on the Interblade Phase 
Angle 104 
4. 7 Notation 
FIELD THEORIES 
5. 1 General 
5.2 Subsonic Compressible Interactions 
Between Blade Rows 
5. 2.1 Upwash Due to the Relative 
Motion of the Rotor and Stator 
104 
105 
l 05 
105 
Cascades 107 
5.2.2 Upwash Due to Viscous Stator Wakes 113 
5.3 Finite Element Procedures 
5.4 Notation 
114 
117 
6. COMPARISON OF THEORIES FOR THE CALCULATION OF 
UNSTEADY FORCES 119 
6. l Genera 1 119 
6.2 Isolated Airfoil Theories for Nozzle 
Passing Frequency Excitation 119 
6.3 Actuator Disk Theories for Per-Rev 
Excitation 122 
6.4 State of the Art for the Calculation of 
Unsteady Forces on Turbomachine Blading 123 
7. 
8. 
9. 
T 
COMPUTER PROGRAM FOR NOZZLE PASSING 
EXCITATION 126 
7. l Program Development and Verif ication 126 
7.2 Input and Output Instructions 130 
l.3 Program Listing 134 
COMPUTER PROGRAMS FOR PER-REV EXCITATIONS 
8.1 General 
8.2 Development and Verification of the 
Semi-Actuator Disk Analysis Program 
140 
140 
140 
8.2.l Input and Output Instructions 140 
8.2.2 Program Listing 143 
8.3 Development and Verification of the 
Program for the Henderson-Horlock 
Analysis 146 
8.3. 1 Input and Output Instructions 146 
8.3. 2 Program Listing 149 
8.4 Development and Verification of the 
Actuator Disk Analysis Program 152 
8.4.1 Input and Output Instructions 152 
8.4.2 Program Listing 156 
COMMENTS ON COMPUTER PROGRAMS FOR NONSTEADY 
FORCE CALCULATIONS 158 
9. 1 General 158 
9.2 Compressibility Effects 158 
9.3 Interaction Effects Between Adjacent 
Blades 160 
9.4 Velocity Defect Definition 160 
9.5 Further Development of Program Library 161 
9.6 Selection of a Suitable Analysis 162 
10. 
11. 
THE HYDRAULIC ANALOGY 
10.1 General 
10.l .l Development of the Hydraulic 
163 
163 
Analogy 163 
10. 1.2 Studies of Flow in Turbomachines 
by the Hydrauli c Analogy 164 
10.2 Theory of the Hydraulic Analogy 
10.2. 1 Equations of Motion 
10.2.2 Analogous Relationships 
10.3 Assumptions of the Hydraulic Analogy 
10.4 The RIT Rotating Water Table 
10.4.1 Turbine Water Table 
10.4.2 Turbine Stage Tests 
10.4.3 Compressor Mode Water Table 
10 .4.4 Compressor Stage Tests 
lQ.5 Modelin g of Turbomachine Sta ge Flow 
by the Hydraulic Analogy 
10.5. 1 Modeling Parameters 
10.5.2 The W-2 Correction Factor 
10.6 Advantages and Disadvantages of the 
Hydraulic Analogy 
1 0. 7 No tat i on 
WATER TABLE TESTS 
11.1 Set up Procedure for Water Table Tests 
l 70 
170 
173 
175 
184 
185 
185 
192 
196 
198 
198 
200 
202 
205 
206 
of Turbine Stages 206 
11.2 Data Reduction Procedure 208 
11 .2.1 Steady Force 208 
11.2.2 Unsteady Forces 209 
11.2.3 Force Ratios 209 
vii 
11 .3 Water Table Test Program 
11.4 Phase One Water Table Test 
11.4. l Discussion of Spectral Data 
11 .4.2 Steady Force Data 
11 .4.3 Nonsteady Force Ratio Data 
11.5 Phase Two Water Table Test 
11.5.l Experimental Procedure 
ll.5.2 Discussion of Data 
210 
210 
212 
227 
230 
236 
249 
249 
12. COMPARISON OF WATER TABLE RESULTS WITH 
THEORETICAL RESULTS 286 
13. 
14. 
15. 
12. l 'Modeling Conditions for Kemp-Sears 
Analysis 
12.2 Relations Between Nonsteady Lift and 
286 
Drag and Nonsteady Forces 289 
12.3 Sample Calculations 292 
12.4 Comparison of Kemp-Sears Results with 
Water Table Results 295 
12.5 Comparison of Velocity Defect Data with 
Theory 302 
CONCLUSIONS 312 
RECOMMENDATIONS 314 
REFERENCES 316 
1. 
2. 
'3. 
4. 
5. 
f) • 
7. 
8. 
9. 
l 0. 
11. 
l 2. 
13. 
14. 
l 5. 
16. 
17. 
18 . 
19. 
Yi.ii 
LIST OF FIGUR ES 
Kemp-Sears Elementary Turbomachine Stage 
Sample Results of Kemp-Sears Analysis 
Viscous Wake Model Used in Kemp-Sears Analys i s 
Gust Notation 
Amplitude and Phase of Nonsteady Lift Due to a 
Transverse Gust 
Amplitude and Phase of lonsteady Pressure 
Fluctuation Due to a Transverse Gust 
Amplitude and Phase of Nonsteady Lift Due to a 
Streamwise Gust 
Cascade Configuration 
Real and Imaginary Components of Unsteady 
Circulation Obtained by Henderson 
Actuator Dis k and Velocity Notation 
Actuator Disk Cascade in Immediate Vicinity of Origin 
Sample Results from Whitehead ' s Actuator Dis k Analysis 
Cascade Notation of Henderson and Horlock 
Comparison of Results Obtained by Henderson-Horlock 
a n d ~~ h i t e head 
Comparison of Unsteady Lift Coefficient Predicted 
by Various Authors 
Finite Element Mesh for the Calculation of Potential 
Flow Around a Cyli nder 
Surface Velocity vs. Angular Position on a Cylinder 
in an Infin i te Casc ade 
Finite Element Mode l of Turbine Cascade 
Representat i on of an Airfoil by a Vortex Shee t 
9 
10 
1 1 
1 3 
14 
14 
16 
16 
17 
19 
20 
22 
25 
25 
26 
28 
29 
31 
34 
20. 
21. 
22. 
Representation of Rotor Blade Circulation for 
Determination of Induced Velocity at a Stator Blade 
Representation of Stator Blade Circulation for 
Determination of Induced Velocity at a Rotor Blade 
Velocity at a Point P due to Vorticity (x) 
34 
42 
42 
23. Representation of the Viscour Wake Behind an 
Isolated Airfoil 48 
24. Elementary Turbomachine Stage Including Viscour Stator 
Wakes 48 
25. Strearnwise Gust Loading of a Flat Plate 55 
26. General Convecting Gust Loading of a Flat Plate 55 
27. Relative Positions of Bound Vorticity Elements 
Due to Interblade Phase Angle and Stagger Angle Effects 74 
28. Cascade and Flow Notation for Semi-Actuator Disk 
Analysis 96 
29. Cascade Configuration for Osborne Analysis 109 
30. Conversion of Stage Parameters from the Compressible 
Plane to the Equivalent Incompressible Plane 119 
31. Unsteady Lift Ratio vs. Mach Number for Potential 
Flow and Viscous Wake Interactions 115 
32. Comparison of Finite Element Results Obtained for Flow 
Through a Cascade of Cylinders 118 
33. Comparison of Unsteady Lift Ratio for Flat Plate Steady 
Load Distribution 127 
34. Comparison of Unsteady Lift Ratio for Elliptical Steady 
Load Distribution 127 
35. Comparison of Unsteady Lift Ratio for Flat Plate 
Steady Load Distribution 128 
36. Comparison of Unsteady Lift Ratio Obtained for 
Elliptical Styady Load Distribution 129 
37. Ratio of Local Pressure to Critical Pressure vs. 
Percent of Chord for Several Free Stream Mach Numbers 165 
x 
38. Partial Arc Admission Test Rig 166 
39. Water Depth vs . Distance for Several Locations in 
Moving Blade Passages 168 
40. Comoarison of Air and Water Flow Patterns Downstream 
of a Transonic Cascade 169 
41. Analoqous Two Dimensional Gas and Water Flow Fields 171 
42. The R.I.T. Rotating Water Table 187 
43. Flow Circuit Schematic for Water Table in Turbine 
Mode 188 
44. Strain Gaqed Monitor Posts 189 
45. Single Stage Turbine Test Configuration 190 
46. Tanqential Load Maqnitude vs. Frequency 191 
47. Normali zed Tangential Force Ratio vs. Velocity Ratio 193 
48. Comparison of Water Table Partial Arc Results with 
Typical Steam Turbine Result s 194 
49. Flow Circuit Schematic for Water Table in Compressor 
Mode 195 
50. Velocity and Depth Variations Obtained During Compressor 
Tests 197 
51. Comoarison of the W-2 Specific Heat Ratio Correction 
Factor with those given by Harleman and Ippen [66] 
and Schorr [88] 201 
52. Comparison of the MW-2 and Schorr [88] Specific 
Heat Ratio Correction Factors 203 
53. Definition of Stage Pressure Ratio 207 
54. Low Pressure Stage Geometry 211 
55. Unsteady Tangential Force Amplitude vs. Frequency 213 
56. Unsteady Tangential Force Amplitude vs. Frequency 214 
57. Unsteady Tangential Force Amplitude vs. Frequency 215 
58. Unsteady Tangential Force Amplitude vs. Frequency 216 
59. Unsteady Tangential Force Amplitude vs. Frequency 217 
60. 
61. 
62. 
63. 
64. 
65. 
66. 
67. 
68. 
69. 
70. 
71. 
72. 
73. 
74. 
75. 
76. 
77. 
78. 
79. 
80. 
xi 
Unsteady Axial Force Amplitude vs. Frequency 
Unsteady Axial Force Amplitude vs. Frequency 
Un steady Axial Force Amplitude vs. Frequency 
Unsteady Axial Force Amplitude vs. Frequency 
Unsteady Axial Force Amplitude vs. Frequency 
Unsteady Torque Amplitude vs. Frequency 
Unsteady Torque Amplitude vs. Frequency 
Unsteady Torque Amplitude vs. Frequency 
Variation of Steady Tangential Force vs. Velocity 
Ratio 
Variation of Steady Axial Force vs. Velocity Ratio 
Variation of Steady Torque vs. Velocity Ratio 
Variation of Nonsteady Tangential Force Ratio vs. 
Velocity Ratio 
Variation of Normalized Nonsteady Tangential Force 
vs. Velocity Ratio 
Variation of Nonsteady Axial Force Ratio vs. 
Velocity Ratio 
Variation of Normalized Nonsteady Axial Force 
vs. Velocity Ratio 
Variation of ·Nonsteady Torque R·atio vs. Velocity 
Ratio 
Variation of Normalized Nonsteady Torque Ratio 
vs. Velocity Ratio 
Variation of Steady Forces and Torque vs. 
Velocity Ratio 
Variation of Steady Forces and Torques vs. 
Velocity Ratio 
Variation of Steady Forces and Torques vs. 
Velocity Ratio 
Variation of Nonsteady Force and Torque Ratios 
vs. Velocity Ratio 
219 
220 
221 
222 
223 
224 
225 
226 
228 
229 
231 
232 
234 
235 
237 
238 
239 
240 
241 
242 
243 
ni 
81. Variation of Nonsteady Force and Torque Ratios 
vs. Velocity Ratio 244 
82. Variation of Nonsteady Force and Torque Raiios 
vs. Velocity Ratio 245 
83. Variation of Normalized Nonsteady Force and 
Torque Ratios vs. Velocity Ratio 246 
84. Variation of Normalized Nonsteady Force and 
Torque Ratios vs. Velocity Ratio · 247 
85. Variation of Normalized Nonsteady Force and 
Torque Ratios vs. Velocity Ratio 248 
86. Stator Row Geometry for Phase Two Water Table Test 250 
87. Anemometer Output vs. Time 251 
88. Anemometer Output vs. Time 252 
89. Anemometer Output vs. Time 253 
90. Anemometer Output vs. Time 254 
91. Anemometer Output vs. Time 255 
92. Anemometer Output vs. Time 256 
93. Anemometer Output vs. Time 257 
94. Anemometer Output vs. Time 258 
95. Anemometer Output vs. Time 259 
96. Anemometer Output Voltage vs. Flow Velocity 260 
97. Anemometer Output Voltage vs. Flow Velocity 
in Linear Range 262 
98. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 264 
99. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 265 
100. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 266 
101. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 267 
xiii 
102. Peak Nons teady Anemometer Output Amplitude 
vs. Frequency 268 
l 03. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 269 
104. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 270 
105. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 271 
106. Peak Nonsteady Anemometer Output Amp 1 itude 
vs. Frequency 272 
l 07. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 273 
108. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 274 
109. Peak Non steady Anemometer Output Amplitude 
vs. Frequency 275 
110. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 276 
11 1. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 277 
112. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 278 
113. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 279 
114. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 280 
11 5. Peak Nonsteady Anemometer Output Amplitude 
vs. Frequency 281 
116. Nonsteady Anemometer Output Amp 1 itude 
vs. Frequency 283 
117. Nonsteady Anemometer Output Amplitude 
vs. Frequency 284 
xiT 
118. Nonsteady Anemometer Output Amplitude 
vs. Frequency 285 
119. Velocity Notation for Turbine Stage 287 
120. Loading on an Airfoil in Terms of Lift and 
Drag Forces 290 
121. Unsteady Lift Ratio vs. Axial Spacing Ratio 296 
122. Unsteady Axial Force Ratio vs. Axial Soacing 
Ratio 298 
123. Unsteady Tangential Force Ratio vs. Axial 
Spacing Ratio 299 
124. Unsteady Axial Force Ratio vs. Axial Spacing 
Ratio 300 
125. Unsteady Tangential Force Ratio vs. Axial 
Spacing Ratio 301 
126 . Wake Notation 303 
127. Minimum Wake Velocity vs. Axial Spacing Ratio 305 
128. Comparison of Velocity Defect Measured on 
Water Table on in Air Test Rig 306 
129. Velocity vs. Circumferential Position 308 
130. Anemometer Output vs. Time 309 
131. Spectral Components of Idealized Wake Behind 
an Isolated Airfoil 310 
1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 
11 . 
12. 
13. 
14. 
xv 
LIST OF TAB LES 
Some Major Theoretical Developments in the 
Determination of Nonsteady Excitation of Blading 
Matrices Used in Actuator Disk Analysis for 
Finite Mean Blade Deflection 
Comparison of Major Isolated Airfoil Theories 
Comparison of Major Actuator Disk Theories 
Comparison of Computed Results with Kemp-Sears 
Analyses 
Comparison of Computed Results with Semi-Actuator 
Disk Analysis 
Comparison of Computed Results with Analysis of 
Henderson-Hor lock 
Comparison of Computed Results with Actuator 
Disk Analysis 
List of Programs in Current Program Library 
Analogous Quantities in Gas and Water Flow 
Assumptions of the Hydraulic Analogy 
Review of Comments Concernin9 Assumptions 
and Conditions of Hydraulic Analogy 
Range of Tests Possible on the RIT Water Table 
Velocity Defect Data 
5 
84 
·1 21 
124 
l 31 
141 
147 
153 
159 
176 
177 
178 
186 
263 
l 
l . I NTROOUCT ION 
Turbomachine blades operate in a nonuniform flow field created by the 
interaction of other machine components with the steady flow field. These 
nonuniformities can cause significant non-steady excitation of the blades. 
For example, early steam turbines were massive low power machines so the 
unsteady forces o~ the blading were low. As the demand for higher power 
output from units of similar overall size increased, turbines with higher 
inlet pressures and temperatures and lighter blading were developed. The 
increased unsteady forces associated with high inlet pressures coupled with 
the increased flexibility of the blading caused many fatigue blade failures. 
A 1943 report by the General Electric Company [l] summarized the problem . 
"Vibration cracked buckets and \·th eels and vtrecked turbines, someti mes 
within a few hours and sometimes after years of operation. 11 
If the frequency of the excitation is close to a natural frequency of the 
blades, dynamic amplification of the blade response can occur causing high 
stress levels and possibly fatigue failure of the blades. It is common prac-
tice to '1 tune 11 the blades so that the resonant frequencies are not integer 
multiples of the machine speed or of the excitation frequency ( typically 
nozzle passinq frequency in turbines). 
Tuning the blades in this manner has reduced the number of fatigue failures 
of turbomachinery blading. In some cases, however, the non-steady excitation 
is so large that fatigue failures can occur without dynamic amplification of 
the blade response. A oartial solution to this problem was the use of high · 
strength stainless steel for the internal components . However, the problem 
of blade failures due to high unsteady loading still exists. Such failures 
reportedly have occurred in gas turbines, compressors and marine steam 
turbin es, i.e . in small high power turbomachines. 
Due to the hostile environment within a typical turbomachine of this type 
(high temperatures, hi gh pressures, hi gh rotational speeds, etc) it is 
difficult with existing strain gage technology, to directly measure i n- situ 
the magnitude of the non-steady forces on the blades, thus creati ng a need 
for effective procedures for the predicti on of t hese forces . 
2 
Two effective experimental procedures which have been developed to meet t 
need are the air test rig model which reduces many of the environmental 
problems involved in direct measurement of non-steady blade loading by 
emoloyinq air as the working fluid instead of the prototype fluid and 
the hydraulic analogy water table which substitutes low speed water flow 
for the high temperature, high speed prototype fluid flow. 
A significant time lag existed between the development of large modern 
turbomachines and the development of theories for the prediction of the 
unsteady loading on the blades of such machines, due in part to the com-
plexity of the aeroelastic interaction problem. Modern analytical methoc 
for calculating unsteady forces on turbomachine blades began in the 
early 1950 1 s. The problems associated with the calculation of the mag -
nitude of the non-steady loading on the blades are twofold; na mely (i) 
the quantification of the complex nonuniformities in the flow field and 
(ii) the determination of the aerodynamic excitation of th~ blades due 
to these nonuniformities. 
State of the art vortex theories typically address the latter problem arE 
above, and the anlaytical model is generally limited to flat plate bladir 
A recent analysis has extended the range of the analytical models to inc 1 
thin cambered airfoils: See Mukhopadhyay [18]. Reports on experimental 
verification of vortex theory analyses in the open literature are rare ar 
the reported correlation varies from good to poor: See Holmes [14]. 
Actuator disk theories are limited to the case of low per revolution 
excitation of cascades. Such analyses generally are restricted to flat 
plate bladinq although a recent "semi-actuator disk 11 analysis has 
relaxed this restriction to include thin cambered blades: See Horlock, 
Greitzer & Henderson [35]. Experimental verification of actuator disk 
analyses has not been reported in the literature. 
Field theories typically are employed to define the flow field non-
uniformities in a turbomachine stage. Some analyses of this type have 
been applied to stage excitation studies: See Osborne [4] . 
3 
The purpose of this thesis is to review in detail the significant theories 
for the prediction of non-steady loading on turbomachine blades and to 
compare and contrast these theories with each othe~ and where possible, 
with experimental data. 
In Section 2 of this thesis the significant contributions to nonsteady 
excitation of turbomcahine blades are discussed in general terms. 
Major analyses in each of the three categories (vortex theories, actuator 
disk theories and field theories) are discussed in more detail in 
Sections 3, 4, and 5 and the state of the art is summarized in Section 6. 
Considerable confusion exists in the open literature regarding notation 
and definitions. Rather than add to the confusion the notation used in 
Sections 3, 4, and 5 is identical wherever possible to the authors. As 
a result, a separate notation listing is given at the end of each section. 
Computer programs, based on these state of the art analysesi which were 
developed and written by the author are described in Sections 7 and 8. 
Included in these sections are detailed input and output instructions. 
The limitations and future developmental requirements of the computer 
program library are discussed in Section 9. 
The hydraulic analogy between compressible gas flow and water flow and 
its application to the study of turbomachine stage flows on the RIT 
water table apparatus is discussed in detail in Chapter 10. A full 
description of the modeling techniques necessary for such studi~s is 
also given. 
In Chapter 11 a two phase water table test program designed to provide 
quantitative data for comparison to theoretical blade excitation results 
is described. Qualitative trends in the water table data are discussed 
to fully demonstrate the data reduction procedure used in water table 
testing. 
The results of this test program are compared to results from the 
applicable theories and from an air test rig in Section 12. Included 
is a discussion of the quantitative accuracy of the water table data 
for the subsonic incompressible flow case. 
4 
2. REVIEW OF LITERATURE SOURCES 
2. l General 
Several recent reviews of excitation literature have been published. 
Sisto [5] has summarized the present status of non-steady flow analyses 
with emphasis on vortex theories. This is a brief introduction to the 
existing excitation literature applied to turbine L.P. stage flows. Rao 
[6] has discussed vortex analyses with reference to turbine blade vibration 
in a general survey paper. Samoylovich [7] has published (in Russian) a 
monograph concerned with turbine blade excitation and vibration, which 
reviews excitation sources and describes blade measurement and test proce-
dures for dynamic pressure distributions and for blade response. Osborne 
[4] has given a comparative review of developments in non-steady subsonic 
compressible flow theories. Existing procedures for calculating unsteady 
interactions between blade rows are reviewed and compared with_ results from 
Osborne's matched asymptotic expansion approach for subsonic flows (O<M<0.9). 
Gostelow [8] has reviewed steady-state compressible theories for potential 
flow through cascades with reference to the transonic flow problem, and has 
indicated some numerical techniques for the solution of problems of this 
type. 
In the remainder of this section the major milestones in the development of 
vortex theories, actuator disk theories and field theories listed in table 1 
will be discussed in approximately chronological order. 
2.2 Development of Vortex Theories 
Vortex theories involve the mathematical modeling of airfoils as plane vortex 
sheets. Early development of vortex theories for isolated airfoils was done 
by Theodorsen [9], von Karman and Sears [10], Sears [11] and Kemp [12] over 
a seventeen-year period (1935-1952). The extension of vortex theories to 
turbomachine stages was first reported by Kemp and Sears [2] in 1953. The 
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8 
assumptions made in this analyses are common to all vortex analyses. T~ 
flow through the stage is assumed to be inviscid, subsonic and incompres-
sible. The airfoils are assumed to be isolated, i.e. the non-steady circ 
lation of neighboring blades is neglected in calculating the non-steady 
effects on a particular airfoil. For rotor blades however, the effects 
of the vortex wakes shed by the stators are included. The rotor and stat 
blades are assumed to be flat plates though they may be thin, slightly ca 
bered, lightly loaded airfoils. The elementary stage on which the analys 
is based consists of adjacent cascades of staggered flat plate airfoils, 
as shown in figure 1. It is evident that this stage more closely models 
L.P. turbine stage or a compressor stage than an H.P. turbine stage. Clo 
form expressions for unsteady forces on rotor and stator blades due to ae 
dynamic interference (potential flow effects) between the blade rows for 
sonic incompressible flow conditions were given. The sample results give 
by Kemp and Sears, shown in figure 2 are for the first two harmonics (m = 
of the absolute value of the ratio of the non-steady lift to the steady 1 
plotted against the axial spacing ratio and the pitch ratio. The dashed 
curves correspond to an elliptical steady load distribution on both the 
rotor and stator blades, while the solid curves are for an elliptical dis 
bution on the stator blades, and a flat-plate distribution on the rotor b 
The authors concluded that "the non-steady part of the lift may be as lar 
as 18 percent of the steady lift and therefore may be of practical import 
This low value is a feature of the simple model chosen. It is by no mean 
an upper limit for practical blade conditions. In a subsequent paper [3] 
1955, Kemp and Sears gave closed form solutions for the unsteady forces o 
the rotor blades due to the viscous wakes of the stators for the same ele 
mentary cascade. The stator wakes are modeled as inviscid, symmetrical 
shear perturbations of the undisturbed free stream. The strength of the 
is assumed to be the same as that behind an isolated airfoil: See figure 
Comparing the results of this analysis with those obtained previously sug 
gests that the viscous-wake effects on a rotor blade may be of the same m 
nitude as the circulation-induced non-steady lift. The authors suggest 
addition of these two results in the complex plane to eliminate phasing e 
9 
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Figure 1. Kemp-Sears Elementary Turbomachine Stage. 
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a) Viscous wake of an isolated airfoil. 
STATOR ROTOR 
b) Viscous wakes of airfoils in cascade. 
Fi gure 3. Viscous Wake Model Used in Kemp-Sears Anal ysis [3]. 
12 
Both of the above analyses consider only those velocity perturbations 
which are perpendicular to the chord, i.e. transverse gusts in the cal-
culation of unsteady forces. 
Horlock [13] in 1968 gave a closed form solution for the unsteady force 
on isolated airfoils due to velocity perturbations parallel to the blad 
chord for subsonic incompressible flow conditions. The Kemp-Sears assu 
tions for thin airfoil theory were again imposed. Since the flow inlet 
velocity is not necessarily parallel to the chord, the author has inclu 
small angles of attack in this analysis. It was assumed that the gusts 
do not decay over the length of the airfoil, i.e. convecting streamwise 
gusts. Horlock suggested the incorporation of this solution into the 
Kemp-Sears analysis. 
Holmes [14], in a 1973 paper, described a closed form solution for the 
non-convecting streamwise gust in subsonic incompressible flow. An experi-
mental investigation of the accuracy of an analysis which combined Kemp's 
theory [12], Horlock's theory [13] and Holmes' theory was made. A wind 
tunnel apparatus was constructed which produced either transverse or stream-
wise gusts relative to an isolated airfoil. The form of the gusts is shown 
in figure 4. Since the time-variation of velocity was known during the tes ti~ 
comparisons between measured and theoretical values of the lift respons ~ 
were obtained, together with pressure distributi ons around the airfoil. 
Figure 5 shows the predicted and measured amplitudes and the phase of the 
lift fluctuation due to a transverse gust. The theoretical curve represents 
the results of the Kemp-Sears theory for an airfoil subjected to transverse 
gusts. The curves generally agree to within 10 percent. Holmes found 
that the Kemp-Sears theory "Accurately predicts the variation in the lift 
response from one flow condition to another, but not the absolute magnitude 
of the response. 11 Figure 6 shows the predicted and measured amplitude and 
phase of pressure fluctuations versus percent chord length for frequency 
parameter, w = 0.016. Smoke tests indicated the existence of a separation 
point with a strong associated vortex. Holmes also states that 11 any periodi c 
variation in the strength of this vortex must create a wake and so will in-
validate the simple mathematical model used ... by the author. 11 
1.3 
TRANSVERSE GUST FLOW y 
! 
Velocity in x-direction: constant 
Velocity in y-direction: sinusoidal in time and x-direction 
STREAMWISE GUST FLOW 
0 " 
--- ·------'..- -- ~ ---,., 
-(' 
'I 
y ! 
Veloci ty i~ x-direction: sinusoidJl in time and x-direction 
Velocity in y-direction: constant 
Figure 4. Gust Notation. 
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15 
~igure 7 shows the predicted and measured amplitude and phase 
)f the lift fluctuation due to a streamwise gust. The magnitude of 
the response agrees only at low frequencies while the phase is never in 
1greement. The author concludes that this airfoil theory for stream-
~ ise gusts was invalidated where viscous effects led to flow separation. 
1enderson [15] conducted an experiment to determine the unsteady response 
)f thin airfoils in a rotating air cascade. Using an expression given by 
1enderson and Daneshyar [16] the author calculated the unsteady circula-
ti on of a rotating blade row in terms of the circumferential distribution 
)f the time mean total pressure. Kemp and Sears [2] have shown that the 
Fl uctuating lift is a direct function of the fluctuating circulation. 
rhe unsteady response of a rotating blade row to spatial variations in 
inl et velocity can therefore be obtained from the time-mean total pressure. 
:igure 8 shows the cascade configuration used in the study. The stagger 
1ngl e was held constant at 45 degrees and tests were run for pitch/chord 
1atios of 0.676 and 1.353. Results obtained by Henderson for unsteady 
:irculation are shown plotted against reduced frequency in figures 9(a) 
1nd 9(b). Also shown are the components of the unsteady circulation for 
inf inite pitch to chord ratio, corresponding to the Kemp-Sears results for 
1n isolated airfoil. Both curves exhibit the same trends with reduced 
frequency and with pitch/chord ratio. Discrepancies are attributed to 
1irfoil thickness (assumed to be zero in the thoery) and to viscous 
(boundary layer) effects. Henderson concludes that, 11 the representation 
)f the unsteady response of a turbomachine blade row as an isolated air-
foi l is not valid for values of reduced frequency less than 1 .2. 11 
1orl ock [13] described an analysis by Holmes in which a closed form solu-
tion for the unsteady lift on an airfoil of parabolic camber subjected 
to a streamwise convecting gust is derived. This analysis was performed 
in 1968, making it one of the first deviations from flat plate airfoil 
theory. The analysis was independent ly verified in 1973 by Naumann and 
Yeh [ 17]. 
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Figure 8. Cascade Configuration Used by Henderson [15]. 
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Mukhopadhayay [18] has derived a closed form solution for the unsteady 
forces on an airfoil of general camber which is subjected to simultaneous 
transverse and streamwise non-convecting gusts in a subsonic compressible 
flow field. No experimental verification of vortex theories for cambered 
airfoils is reported in the open literature. 
2.3 Development of Actuator Disk Theories 
Actuator disk analyses were first developed for studies of propeller per-
formance and are therefore limited to cascade studies. The wavelength 
of the excitation is assumed to be very large compared to the blade chord. 
If the flow is viewed from a very great distance, the excitation wave-
length is finite while the blade row appears to be a thin 'actuator' disk. 
The early development of actuator disk analyses was directed toward the 
study of flutter in axial flow compressors: See, for example, Lilley [19], 
Lane and Wang [20], Lane and Friedman [21] and Yeh [22]. Actuator disk 
theory has been applied by Hawthrone and Horlock [23] to study flow in 
axial compressors, and by Hawthorne and Ringrose [24] to the study of 
free-vortex turbomachines. Horlock [25] has discussed the actuator disk 
method in his book. These references pertain only to steady-state turbo-
machine flows. 
One of the earliest applications of the actuator disk method to the non-
steady excitation of blade cascades was given by Whitehead [26]. As stated 
above, in this type of analysis the blade row is replaced by a narrow 
actuator disk as shown in figure 10. The blades in the immediate vicinity 
of the origin are shown in figure 11. The following assumptions are applied 
to the model: 
i) The time required for the fluid to pass through the actuator 
disk is small compared to the period of vibration of the 
blades. In order for this requirement to be fulfilled, the 
reduced frequency parameter based on the blade chord (w) must 
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Figure .11. Actuator Disk Cascade in Inmediate Vicinity of Orig in. 
From Whitehead [26] . 
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be smal l , and is , in fact, limited to a value of zero for 
the true actuator disk analysis . 
ii ) Adj acent blades vibrate with a small , constant phase ang le 
between them . This angle is the interblade phase angle (S). 
It will be shown in section 4.6 that this assumption is 
necessary in order to satisfy item (i) above. 
iii) The fluid is incompressible and inviscid. 
iv) The fluid flow and the blade vibration are two-di mensional. 
v) Only vibrations in a single degree of freedom are considered . 
Whitehead first considered vibration in a direction perpendicu -
lar to the chord and subsequently torsional vibration about the 
leading edge of the blade . 
vi) Only sma ll perturbations are considered . The resulting solu-
tion is then linear so that any number of solutions may be 
superposed to obtain results for any required excitation spec-
trum. 
vi i) All blades are assumed to be flat plates which vibrate with a 
constant maximum velocity q and amplitude h0 . 
iample results given by Whitehead for the magnitude of the non-steady lift 
:oefficient as a function of the ratio of the interblade phase angle to the 
·educed frequency for a cascade with a pitch to chord ratio of 2.0 and a 
;tagger angle of 75° are shown in figure 12 . This analysis is limited to the 
:ase of zero reduced frequency so that only those values of non-steady lift 
:oefficient at the zero value of frequency ratio are valid. 
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n order to relax this restriction and extend the range of allowable 
educed frequency from zero to unity, Whitehead developed semi-actuator 
isk theories for bending and torsional vibration of unstalled blades 
ith zero mean deflection , [27], [28] and [29]. The cascade geometry is 
he same as that shown in figures 10 and 11. The following assumptions 
re then applied to the cascade. 
i) All blades vibrate with the same amplitude and velocity 
although a constant phase angle S exists between adjacent 
blades. Note that the interblade phase angle is not required 
to be small as was the case in the actuator disk analysis [26] . 
ii) The fluid is incompressible and inviscid. 
iii) The fluid flow and the blade vibration are two-dimensional. 
iv) Only single degree of freedom vibrations are considered . 
Translational mo tion in a direction perpendi cular to the 
chord is considered first while motion parallel to the chord 
is neglected as a second order effect. Torsional vibration 
about an axis located at the lead edge of the blade is also 
considered. 
v) Only small perturbations are allowed . The resulting linear 
theory ·allows the principle of superposition to be employed . 
vi) All the blades are assumed to be flat plates operating at 
zero mean flow incidence. This means that the steady force and 
therefore the mean deflection are zero and that the blades and 
their wakes can be repl aced by vortex sheets . 
vii) The blades do not stall so that the flow always follows the 
surface of the blade. 
The above analysis was subsequently extended to the case of finite mean 
deflection by Whitehead [30] thus allowing non-zero flow incidence angles. 
The basic procedure in this analysis is identical to the analysis above 
except that velocity perturbations perpendicular to the chord are included. 
Whitehead [31] and Smith [32] gave analyses which include the effect of 
generated acoustic waves for cascade with zero mean deflection . 
Henderson and Horlock [33] have approximated the unsteady lift on airfoils 
for cascades having low pitch- to-chord ratios and finite chord length . 
The pitch is assumed to be small with respect to the wavelength of the inle· 
disturbance, as shown in figure 13. The rotor blades are thin and may have 
considerable camber but the lift coefficient is assumed to be small due to 
the low pitch to chord ratio . The flow is assumed to be two-dimensional, 
inviscid and incompressible. Sinusoidal axial disturbances are considered , 
of finite frequency parameter based on the blade chord but low frequency 
parameter based on blade pitch . 
The authors applied the pitch-averaging technique of Horlock and Marsh [34] 
to the unsteady equations of motion for the flow through the moving blade 
passage. The total force in the tangential and axia l directions was obtair 
by integrating the pressure difference between the pressure and suction fac 
of the blade along the chord . Sample calculations of the unsteady lift rai 
were made for a cascade of flat plate airfoils at a stagger angle of 45° 
and a pitch to chord ratio of unity . Results of these calculations are cor 
pared with results obtained by Whitehead [26] and [27] for various values< 
reduced frequency parameter in figure 14 . The authors attribute the poor 
agreement with Whitehead's results to the assumption of small blade chord 
made by Whitehead . 
Actuator disk procedures have been reviewed by Horlock, Greitzer and Hen-
derson [35] who presented a further alternative semi -actuator disk analysi 
The stated purpose of this analysis is to resolve the discrepancy of resul 
obtained by Whitehead [26][31], Smith [32] and Henderson and Daneshyar [16 
for low values of reduced frequency as shown in figure 15 . The results of 
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this analysis agree with those obtained by Whitehead [31] and Smith [32] 
for low values of pitch to chord ratio and reduced frequency. The authors 
therefore conclude that "in the limited range of very small reduced fre-
quency, it . . . seems appropriate to use the present analysis or that of 
Smith ... " 
2.4 Development of Field Theories 
Gostelow [8] has recently surveyed the state-of- the-art for steady-state 
subsonic potenti al flow ana lysis . Mil es [36] has presen t ed a comprehens i ve 
review of subsonic and supersonic non-steady potential flow theory. A 
review of computational techniques for i solated airfoils in steady subsonic-
supersonic flow (elliptic-hyperbolic problem) has been given by Choroszylow [37] . 
Miles [36] has described solutions for several special forms of the potential 
flow equation for steady and non -steady flows, and has given certai n airfoi1 
solutions . Of particular interest for turbine and compressor blades studies 
are his results for supersonic gust loading on a two-dimensional airfoil, and 
on a supersonic rectangular wing . 
Warner [28] used a finite element approach to analyze the two-dimensional , 
inviscid , i ncompressible , steady-state potent ial flow around an iterative 
cascade of cylinders . The quadrilaterial fluid element was formulated in 
terms of the potent i al function ~ . To test the functioning of this procedure 
Warner calculated the surface velocity on an infinite cascade of right cir-
cular cyli nders. A typical mesh used in the calculation is shown in figure 16, 
and figure 17 is a comparison of calculated results for various numbers of 
surface/fluid boundary nodes v1ith theoretical values for the same cascade. 
The element mesh at a distance from the cylinder was maintained as the inter-
face mesh was refined . The author suggests that the accuracy of the solution 
would probably improve if the outer mesh were refined in the same manner as the 
interface mesh . 
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Figure 16 . Finite Element Mesh for the Calculation of Potential 
Fl ow Around a Cylinder. From Warner [28]. 
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Steele [39] has extended Warner's ana lysis to a higher order element 
based on the Navier-Stokes equations. Sample calculations were made for 
Stokes flow (creeping flow) through a cascade of ai rfoils as shown in 
figure 18 . The author notes that creeping flow is not a practical model 
of flo~1 through a turbomachine stage and proposes the development of a 
viscous flow element with inertial effects included . 
2.5 Comments 
At present the accurate calculation of non- steady forces on turbomachine 
blades is restricted to certain special configurations and flow conditior 
In general, the blade profiles must be thin and of small camber, though 
specific airfoil shapes can be considered by using certain specialized 
analyses, transform procedures or numerical methods . The frequency and 
velocity of the flow harmonics must be known in advance . The inclusion 
of compressibility effects in the analysis is possible , but not usual. E 
so, the accuracy of results diminishes in the vicinity of sonic conditior 
Hon-steady supersonic cascade solutions do not appear to have been publis 
though certain supersonic single airfoil results are available, and tran-
sonic results have been described : See Fleeter [40]. 
Two-dimensional field theories are in an early developmental stage and ev 
the steady-state incompressible case remains as a computation problem for 
practical airfoil geometries . Finite element procedures are presently be 
developed for this case . While the finite element procedure overcomes th 
boundary- node problem and simplifies problem formulation, large amounts o 
computer time are still required . Time-dependent cascade f low does not a 
to have yet been examined by this procedure. 
It appears that non- steady forces on low- pressure, l ow-camber, thin turbi 1 
blades may now be calculated for sensibly incompressible flows with reaso1 
accuracy, provided that suitable input data is available. The same canno· 
said for high- pressure stage blading because of the high turning angles ar 
the highly compressible flow conditions under which these stages frequent· 
operate . 
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Figure 18 . Finite Element Model of Turbine Cascade . From Steele (39] . 
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3. VORTEX THEORIES 
3.1 General 
Vortex theories involve the mathematical modeling of airfoils as plane 
vortex sheets . Kemp [12] discussed the results of earlier analyses by 
von Karman and Sears [10][11] and gave an expression for the unsteady 
lift on an isolated airfoil due to convecting and non-convecting sinusoi -
dal transverse qusts (perpendicular to the chord) . Kemp and Sears [2] 
extended th i s theory to study t he unsteady forces on blades in an ele-
mentary turbine stage in which the blades are idealized as flat plates . 
The authors [3] subsequently included the ef fects of viscous stator wakes 
in calculating the unsteady blade forces . Horlock [13] perfonned an 
ana lysis simil ar to that in reference [2] using a convecting stream\'/ise 
gust pattern {parallel to the chord} . Holmes [14] extended Horlock's 
analysi s t o the case of non-convecting stream\1Jise gusts . Inclusion of 
blade camber effects in such analyses were first report ed by Horlock [41] 
for an airfoi l of ci rcular arc camber subj ected t o convecti ng streamwise 
gusts . Identical results were independently obtained by Naumann and Yeh 
[17] . Mukhopadhayay [18] performed an analysis to determine the unsteady 
forces on an airfoil of general camber which is subjected to simultaneous 
transverse and strea!ThVise non- convec ti ng gust s . These theori es wi l l be 
discussed in detail in the remainder of this section . 
3. 2 Kemp-Sears Theory for Non-St eady Li f t on Ai rfoils Due to Transverse 
Gusts 
Kemp and Sears [2][3] applied line-vortex theory to calcula te the non-stE 
lift forces acting on both the moving blades and the stationary blades 01 
the typical elementary turbine cascade shm'ln in figure 11. The flow thrc 
the cascade is assumed to be inviscid and incompressible. The blades ar1 
assumed to be isolated airfoils , which means that the non-steady ci rcula· 
tion of neighboring blades is neglected in the calculation of the non- st1 
effects on a particular airfoil . However, for the rotor blades, effects 
ari si ng from t he vortex wakes and from the viscous wakes shed by the sta 
JJ 
are included in the non-steady lift calculation . The rotor and stator 
blades are assumed to be flat plates in the analysis, though they may be 
thin, slightly cambered, lightly loaded airfoils in prac ti ce . This 
analysis is therefore more suited to turbine LP blade airfoil sections than 
to IP or HP blades with highly curved impulse sections. This section con-
tains an integrated version of the two Kemp-Sears theories, in expanded 
detail. 
In vortex theories each airfoil is replaced by a plain vortex sheet, as 
shown in figure 19. The vortex strength y(x ,t) is such that at every instant 
in time the relative velocity component normal to the airfoil surface is zero, 
thus satisfying the boundary condition at the surface. Because th e total cir-
culation about the whole system is invariant, any changes in the airfoil cir-
culation t~(t) must be accompanied by the shedding of free vortices at the 
trailing edge, which are then carried downstream by the flow. The transient 
velocity field of the trailing wake of free vortices induces velocity compo-
nents normal to the airfoil . These components are superimposed on other 
relative normal velocity components caused by the airfoil incidence, motion, 
and by non- uniformities in the stream in order to determine y(x ,t) . Kemp and 
Sears have sho\'m that the expressi on for 1 ift can be calculated by separating 
it into three distinct terms: 
tl ( t) = ql(t) + 1L(t) + 2L(t) ( 3. 1 ) 
where 
ql( t) = Quasi -steady lift, which is calculated for instantaneous 
motion and flow conditions, neglecting entirely the wake 
effects . 
l L ( t) = Lift corresponding to variations in the apparent mass of 
the airfoil , which is not considered here . 
2L(t) = Lift due to wake effects. 
34 
Y(x,t) 
e:(x,t) w 
-------
__ _.----
x = c 
x 
Figure 19 . Rep resenta tion of an Ai rfoil by a Vortex Sheet. 
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35 
Considerable simplification can be achieved by assuming sinusoidal var-
iations in time. When the quasi - steady circulation of the airfoil is 
given by 
(3.2) 
it can be shown that 
ql(t) + 2L(t) = ql(t) C( w) (3.3) 
where w is the reduced frequency parameter vc/V , c is the semichord and 
C(w) is the Theodorsen function given by 
C(w) (3 . 4) 
In the above expression K0 and K1 are modified Bessel functions of the 
second kind . 
If t he airfoil operates in a sinusoidal gust pattern such that the relative 
upwash velocity at the airfoil is given by 
v(x,t ) = v ei v( t -x/W ) 0 ( 3. 5) 
i .e. a convecting gust, then Kemp [12] has shown that the total non-steady 
1 if t is 
( ) ivt tl (t ) = 2rro cwv0s w e 
with the corresponding quasi - steady circulation given by 
(3.6 ) 
J6 
(3. 7) 
where 
S( w) (3 .8) 
and 
(3 . 9) 
where J0 and J1 are Bessel functions of the first kind . From equation (: 
the strength of the vortex distribution in the wake, £(x,t) can be obtair 
e:(x , t) iv(t- x/W) = 2nv0J(w)i wS(w)e (3 . 10) 
Kemp (12] modified the equation for upwash velocity given in equation ( 3. 
to consider the effect of stator wakes on rotor blades . The gust is ther 
non-convecting gust of the following form: 
v(x , t) i vt - iµx/W = v0 e e 
where µ may be any arbitrary complex number . 
For this case, it can be shown that the unsteady l ift is 
( ) ivt tl(t) = 2ncpWv0s w,A e 
(3 . 11) 
( 3.12 ) 
with the quasi - steady circulation given by 
(3.13) 
The wake vortex strength can be shown to be 
(3 . 14) 
where S(w,A) is the modified Sears function. 
(3.15) 
Equations (3 .6 ) , (3 .7), (3.10), (3 .1 2) , (3 .13 ) and (3.14) will be used in 
the application to stator- rotor problem. 
Interference Effects Between Stator and Rotor Blades 
In order to apply the above expressions to a turbomachine stage it is 
necessary to model the effects exerted on a rotor or stator blade by the 
other components of the stage as a series of upwash gusts of the form of 
equation (3.5) or (3.11). For example , consider the elementary turbomachine 
stage shown in figure 11. In general, each airfoil must be considered to be 
acting in a velocity field induced by (a) its own wake, (b) the variable 
bound vortices of the other blades in its own blade row, (c) their wakes, 
(d) the variable bound vortices of members of the other blade row, and 
(e) their wakes. However, this leads to a very complex problem of solving 
two si multaneous integral equations. Kemp and Sears [2] used the successive 
approximation approach outlined below: 
1. The entire unsteady effect on the circulation of any blade is 
assumed to be small compared •11ith the steady circulation carried 
by the b 1 ade . 
J8 
2. In the calculation of nonsteady effects on a typical stator 
blade, it is assumed that the only significant contribution 
arises from the steady circulation of the rotor blades. The 
effects of the unsteady tenns of rotor circulation, the unsteac 
parts of the circulation of all other blades and all vortex 
wakes except those shed by the stator itself are neglected. 
3 . In a similar ,11ay, to calculate the unsteady effects on a typic. 
rotor blade, it is assumed that the significant contribution 
arises from the steady stator circulation. However , the effec 
of the vortex wakes shed by the stator blades is considered . 
4. The unsteady forces on the rotor blades due to viscous wakes s 
by the stator blades are also accounted for in the analysis . 
The upwash velocity normal to the x-axis, produced by equal vortices of 
strength r' located at any N complex points ;n , is given by : 
N 
V = - ~~ ~ (x- ~n) 
n=l 
(3 .1 6) 
'..Jith the rotor circulation represented by single point vortices as sho\vn 
figure 20, the induced velocity at the stator blade may be written as 
= 
r· 
- -z.:r (3 .17) 
n=-oo x - (~+i v+ind dias 
s r 
Equation (3 .17 ) can be transformed to a more useful form , given by: 
= 
, - ia r e 
2dr [1+2 
~ 2nm - ia ( . )] L exp{ --d - e s 1:;+1 !1 - X 
r s 
(3 . 18) 
m 
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Replacing r ' by a distribution of vortices, 0yr (xr) along a l ine represent-
ing a typical rotor blade, as shown in figure 20 and noting that 
equation (3 . 18 ) becomes 
vs 
r re- iet s L exp{- ~~m ( b+ihs - xse- ia s) } H~ = 0 [1+2 2dr m (3.19) 
where 
c 
r 
o'/(xr) ~ 21.m e io. 
r 
Hr = exp {- xr} dxr m r r dr 
- c 0 r 
(3 .20) 
and 
c 
r r 
r 
L r (xr)dxr 0 = oy (3 . 21) 
- c r 
r 
To simplify equation (3.20) , oy is assumed to be of a form si milar to that 
given by Glauert [47] . 
= 
with 
(1 - cose ) 
sine + 2 2:: Ar s i n ne ] n m (3.22) 
The constan t s A0 , A1, A2 ... can be determined for the blade under considera -
t i on by conformal transformati on of t he ai rfoil to a circle. 
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Using equation (3 . 22) in equation (3.21) 
rr = 2ncH(A0r+Ar) o· r r 1 (3.23) 
Using equation (3 .22) in equation (3 . 20) and us ing the properties of Besse 
functions, the following equation for Hr can be obtained : 
m 
(3 . 24) 
To this point the rotor was assumed to be stationary, and it is convenient 
to take the positions of the reference rotor and stator blades (n =O ) to be 
as shown in figure 1 at t=O . Measured from this position, 
b+ihs 
V iVc 
= b[l+i(tanar - YI coc:o. )] - '·~rr - iVt 
s - s 
(3.25) 
using equation (3 . 25) in equation (3 . 19) , the following express i on for the 
induced ve locity of the stator blade can be obta i ned : 
(3 .2 
where 
b iv 
x exp[-nmar{-c (l +i tana -
r r Wscosas - ~v }] r ( 3. 27) 
In a simi lar way, the velocity vrl induced at a rotor blade by the motion 
of the steady stator circulation 0r s, can be determined using the notation 
shown in fi gure 21. The following equations are used to obtain the final 
expressions for vrl. 
r s 
0 
The final 
As(l - cose ) 
= 2W [ o . + 2 
s sine 
expression for vrl is 
~ A~ sin ne] 
n 
given by: 
r s ia r s 2: yr l (x , t) - e r 2Tim iar = 0 +-0- Gr exp{- -e r 2ds 21TCr m ds m 
where 
mncr d b i V . V 
x exp[ _/ r {- (l+itana - \.Jscosas ) - W }) 
s er r r 
(3.28) 
(3.29) 
(3 .30) 
xr}x 
(3.31 ) 
(3.32) 
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Figure 21 . Representaion of Stator Blade Circulation for Determinati on 
of Induced Velocity at a Rotor Blade . From Rao [44] . 
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Figure 22 . Veloc ity at a Point P Due to Vort icity e(x) . 
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HS = J 1 ~0 mei[~/2-as] } m 0 ' s 
+~ As - As i[ rr/ 2-et ] (- i )n n+l n- 1 (3.33) 
+ As 
J {10 me s } 
n As n s 0 1 
and 
\Ir = 2TIV/ds 
Unsteady Lift of the Stator Blade : 
Equation (3.26 ) is similar in form to that given in equation (3.11 ) so 
that equation (3. 12) can be used to determine t he lift expression for 
s tator blades . Letting 
(3 .34 ) 
and 
(3.35) 
The unsteady lift on the stator blade can be obtained as 
(3.36) 
where 
Ls -- r s w 0 0 p s 
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Application of equation (3.13) gives 
(3.37) 
Unsteady Lift of Rotor Blade Due to Steady-State Circulation 
The unsteady lift of the rotor blade due to steady-stator circulation can 
be obtained from the following: 
2n~J . [ 12 J 
= 
r -1 n - a 
1-l r --e r dr 
\ = Zncr -i[n/2-a J --e r d 
r 
r r r L W o = o P r 
= rs l 
(3.38) 
(3.39) 
(3.40) 
Unsteady Lift of Rotor Blade Due to Stator Vortex Wakes 
The strength of the stator vortex wakes is determined by means of equations 
(3.14), (3.26), and (3.37), considering the appropriate phase relationships 
between the stator wakes. If f~(t) is any function of time associated with 
the nth stator blade, (such as lift or circulation), then 
f~+k(t) kd = f~ ct + T J (3.41) 
The strength of the wake produced by the reference stator blade, due to per-
iodic variations of its circulation may be found by applying equation (3.10) 
to equation (3.37), as follows: 
(3.42) 
If the strength of vortex distribution is 
s(x) = R(-Be-i vx ) (3.43) 
th en the component of induced velocity w at point P in figure 22 taken 
normal to an arbitrary direction B, is given by 
l iBe±iBe-ivxe-lvLI L > 0 2 
v > 0 upper sign 
w = ± l iBe±iSe-ivxe- lvLI 2 L < 0 (3.44) 
x < O lower sign 
l . B 21 cos se-i vx L = 0 
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For the nth stator wake, equation (3.42) may be modified by replacing t 
by t + nd 5 /V and s~ = x~ + nd 5 sina5 , as 
(3.45 ) 
where 
rr 
Bs = _Q_ Fs iw k S( w k) 
k cs k s s (3.46) 
r2 The upwash velocity v due to stator wakes on the reference rotor blade 
can be obtained as 
where 
and 
rr ' 
vr2(xo,t) o L 
r -~ 
r m 
Gr2 [i v m(t-x
0;w )] 
J e r r r 
m 
Ps r i w m k Qmk e r 
na d . 
P~ = Jr s e- 1as H~ S(w5 k) J( A5 k) x 
b 
x exp {-nark c (l+itanar)} 
r 
( 3. 47) 
(3.48) 
(3.49) 
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Using equations (3.5), (3.6) and (3.47), the rotor blade lift due to 
stator wakes can be obtained as 
When expanded, the above expression becomes 
_t L_r_r2 (_t_) - - L 
L 
0 m 
bV 
x exp{-imnar(V c cosa 
s r s 
(3.50) 
x 
(3.51) 
Equations (3.36), (3.40), and (3.51) were programmed by Rao and Rieger [55] 
to determine the unsteady stator and rotor blade forces without considering 
the viscous effects. 
3.3 Kemp-Sears Analysis of Unsteady Lift of Rotor Blade Due to Viscous Wakes 
In order to study viscous-wake effects it must be assumed that the flow down-
stream of a cascade of blades with viscous wakes can be represented by an 
invicid shear flow. The velocity profile of the wake behind each blade is made 
to resemble the wake behind an isolated airfoil. The following three relations 
from the experimental results of Silverstein, Katzoff and Bullivant [43] are 
used to completely define the wake as shown in figure 23. 
- c 
! 
I 
I 
P="I 
y 
0 . 7 c I vnn 
! I I !.......- Uw 
l/ 
I 
~, 
\ 
c 
x* 
Figure 23. Representation of the Viscous Wake Behind an Isolated Airfoil. 
Figure 24. Elementary Turbomachine Stage Including Viscous Stator Wakes . 
y = 0.68 c 
1-q/q 
00 
= cos 2 (~ Y) 2 y 
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I YI:: v 
For a small perturbation velocity u in the x-direction(u<< W), 
1-(q/q ) = l-[(W+u) 2;w 2 J ~ - 2u/W 
00 
(3.52 ) 
(3.53) 
Using the above expression, equations (3.52) can be converted from dynamic 
pressure to velocity, as 
u~ = - 2.42 c0112 I (f - 0.4) 
u = cos 2 ~ y_ 2 y 
(3.54) 
The mathematical analysis can be simplified by using Gaussian error curve 
in the above expressions i nstead of a cosine wake profile. By using the 
momentum flow conditions, equations (3.54) can be approximated by 
(3.55) 
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If equations (3.59) represent the profile of the wake shed by the reference 
stator blade, the profile of the wake shed by the nth stator blade can be 
obtained by replacing y 1 by y• -nds. 
The total velocity field uT of all the wakes can then be obtained by the 
summation 
= 
+co 
L 
n=-CX) 
(y 1 -nds)cosa 2 exp[- n{ s} ] y (3.60) 
It should be noted that the above equation does not satisfy the principle 
of continuity of the axial flow through the stage. To satisfy this condi-
tion a constant equal to the average value of uT should be subtracted from 
the right-hand side. Expanding the equation in complex Fourier series by 
using Poisson summation formula and subtracting the average value of uT' one 
obtains 
211f 
= 
-K- ~ 
m=l 
I 2 2 
exp{-2nim ~ - ~} 
ds K2 
(3.61) 
where 
If t=O is taken in the position shown in figure 24, the time dependence of 
y• coordinate can be obtained as 
y' 
x 
= V(_I_ - t) 
wr 
(3.62) 
'· 
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Equations (3.52) and (3.54) are rewritten in terms of 
x* = x - 0.7c 
y = 0.68 (2C0x* c)
112 (3.56) 
u 2.42 c0
112 
c + w x* 
-+ 0.3 
c 
From equations (3.56) it can be noted that the wake is relatively narr 
compared to the airfoil chord, (e.g . at x = 3c, Y/cz0.2). 
Equations (3.55) and (3.56) are now used to determine the velocity inc 
at the rotor. Consider the simple stage shown in figure 24. It is cc 
ient to use oblique coordinates with the relations 
x* = s' - y' sinas~x' (3.5 s 
and 
y = y' cosa.5 ( 3.: 
Equations (3.55) and (3.56) now become 
u y'cosa. 5 2 
= exp{~TI[ ] } u y 
c 
y = 0.68(2C0x*c)
112 ( 3. 
UC 2. 42C0 U
2 
w x' 
-+ 
c 
0.3 
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Noting that the upwash velocity at the blade is -uTsinS,vrv can be 
obtained from equation (3.61) 
rv 
v = 
. 21n-
-u sins --
c K L 
m=l 
2 2 
- IT m i v m(t-x W ) exp{--2- } e r r r K 
(3.63) 
Both uc and Kare functions of x'/cs. From the relationship between x' 
and xr 
x' 
w 
~ } - . 07 
w 
r 
(3.64) 
which is then substituted in equations (3.59) and (3.61). Equation (3.61) 
can then be used to determine the lift forces using the non-steady thin 
airfoil theory. 
It is noted that vrv is still dependent on xr so a further approximation is 
used in assuming a value for x /c . This value may be anywhere between -1 
r r 
and 1. Values of xr/cr between -1/2 and 1/2 seem to be more appropriate at 
this stage, and the differences in the magnitudes of forces obtained for 
this range have been shown by Rao [44] to be marginal. Denoting x in 
r 
equation (3.64) as x , the following expression for vrv can be obtained 
ro 
where 
4.65446 
00 
~ 
rrW c0s o s i nS s s 
x' 
W cosa (_Q_ + 0.3) 
r s cs 
x' 
0 
. -x 
cs 
(3.65) 
m2 0.680 2 CsD x' [ - IT ( S) __ 01 exp -2- co~. a • c _, 
s s 
(3.66) 
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using equations (3.5) and (3.6), the unsteady lift due to viscous 
effects can be obtained. 
Writing 
the ratio of 
t 
Lrv(t) 
Lr 
0 
= 1 2 
2°Pw 2c r r 
co 
Grv S ( ) i mv t m rn.ur e r 
m=l 
1 2 
-2 pW 2c r r 
non steady 1 ift to steady lift 
00 ( ) imv t L Grv S mDr e r = m Dr m=l L 
can be shown to be 
(3.67) 
(3.68) 
Sample calculations and a computer program using the above analyses are 
given in Section 7. 1. 
3.4 Horlock Analysis for Non-Steady Lift on Airfoils Due to Convecting 
StreanMise Gusts 
The Kemp-Sears analysis given in section 3.2 is based on the assumption 
that velocity perturbations parallel to the chord are negligible compared 
to those perpendicular to the chord. This assumption is justified if 
interference effects are considered when the angle of attack is small. If 
the gusts parallel to the chord are not negligible an analysis developed 
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by Horlock [13] may be used. 
Consider a flat plate airfoil which is subjected to gusts parallel to thE 
chord as shown in figure 25. The lift can be expressed as the integral 
over the chord of the pressure difference across the blade. 
l 
L = ~ (p 8- pA)dx 
-1 
Bernoulli's equation for the unsteady flow is 
2 B 
~ + qB + ~ 
P 2 L 
-1 
2 A 
.£9_ dx = ~ + qA + ~ 
at P 2 L 
-1 
£g_ dx 
at 
(3.69) 
(3.70) 
where qA and q8 , the local velocities at points A and B, are given by th 
expressions 
(3. 71) 
By substituting equation (3.70) into (3.69), and noting that~ is the 
same on both sides of the airfoil at· a point just upstream of the lead E 
the lift can be expressed in terms of the velocities. 
l l x 
L = p ~ dx + p L [ L ( 3. 7~ 
-1 
-1 -1 
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y 
Figure 25. Streamwise Gust Loading of a Flat Plate. 
w 
.. 
Ve 1 oc ity Profile 
w=w ei \J (t-~) 
0 
y 
Figure 26. General Convecting Gust Loading of a Flat Plate. 
x 
x 
Noting that 
and 
1 
~ (qA - q8)dx = r 
-1 
and neglecting second order terms allows equation (3.72) to be rewrittE 
as 
l 
L = p L (U + u )ydx + p ~~ - p a"t L yxdx 
-1 
-1 
(3.73) 
The steady lift may be expressed in terms of the steady bound vorticity 
ys(x) 
1 
Ls = p L Uy s ( x ) d x (3.74) 
-1 
The fluctuating lift (6L) is defined as the difference between the tota 
lift and the steady lift. 
6L = L - L 
s 
If the instantaneous circulation r is written as 
1 
r = L ydx 
-1 
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the fluctuat i ng lift can be expressed as 
l 1 
6L = pU 2: (y0 + y1)dx + p L 
-1 
1 
- p j_ ~ 
at L 
-1 
-1 
the sum of four i ntegrals. 
1 
uysdx + a L (y0 + y1)dx p 3t 
-1 
(3.75) 
This expression may be simplified using procedures similar to those of 
von Karman and Sears [10], Glauert [42] and Grabner and Hofreiter [45] 
to obtain a simple expression for fluctuating lift 
where 8 is the angle of attack and T( w) is the Horlock function 
and 
T( w) = X( w) + iY(w) 
X(w) = (2-a)J 0 (w) bJ 1 (w) 
Y( w) = (a+l )J1 (w) bJ 0 (w) 
The coefficients a and b are given by 
(3.76) 
(3. 77) 
where K
0
(i w) and K1 (i w) are modified Bessel functions of the second kind. 
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Thus for an isolated flat plate airfoil at an angle of attack o to the 
steady relative flow W, and subjected to a general convecting gust of 
the form 
-w- = w- e 
0 
i \J (t- x/u) (3. 77) 
as shown in figure 26, the fluctuating lift is given by the sum of equa-
tions (3.6) and (3.76) 
6L = -w-
0
c2npU[ ocos ST(w) + sin SS(w)]ei vt (3.78) 
where B is the flow angle relative to the axial direction (i.e. the sumo 
the stagger angle and the angle of attack). 
3.5 Holmes Analysis for Non-Steady Lift on Airfoils Due to Non-Convectin 
StrearTMise Gusts 
Holmes [14] reported the extension of Horlock's theory to the case of non · 
convecting strearTMise gusts of the form 
u = (3.79) 
The fluctuating lift on a flat plate subjected to the gust u is given by 
( ) i vt 6L = pc U u
0
poH w, J.. e (3. 80) 
where H( w, .\ ) is the Holmes function 
where S (w, .\ ) is the modified Sears function defined by equation (3.15). F 
lowing the same logic as previously, the response to a general non-convec t 
gust of the form 
i vt - iA x us- = u.r- e e 
0 ( 3. 81 ) 
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is simply the sum of equations (3. 12) and (3180) 
(3.82) 
3.6 Holmes Theory for Parabolic Cambered Airfoils 
Horlock [13] reported an extension of the analysis by Holmes to airfoils 
with camber specified by 
(3.83) 
and subjected to a strea111Wise convecting gust. 
lift obtained by Holmes is 
The expression for unsteady 
( ) ivt 6L = 2np U u v8 T' w e O" max 
where T' (w) is the Holmes caJT1ber function 1 given by 
T' (w) = 2[J 0 (w) + J2(w)J + (b-a)[J 0 (w ) - J2(w)] 
- 2bJ 1 (w) - 2i [J 1 (w) - aJ 1 (w).] 
and a and b are defined previously 
(3.84) 
For an airfoil of the camber described in equation (3.83) and subjected to 
a general convecting gust of the form of equation (3.77) the total fluctuating 
lift is given by 
6L = 2rrpcw
0
U{sin BS(w) + cos B[OT(w) + Ys;ax · T'(w)] }ei vt (3.86) 
Naumann and Yeh[l7] independently obtained identical results for the response 
of the camber described by equation (3.83) to a gust of the form of equation 
This function is also referred to as the Holmes function in the literature. 
The author will refer to this function as the Holmes camber function, to avoid 
confusion with the Holmes function H(w,A). 
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(3.77). It should be noted that the Holmes camber function relates a 
specified camber function (3.83) to the fluctuating lift due to that 
camber. In general, a different Holmes camber function is required for 
every different blade camber function. 
3.7 Mukhopadhyay's Analysis for General Camber Airfoils 
Mukhopadhyay [18] has derived an expression for the fluctuating lift on 
an airfoil with a general camber function expressed in terms of a polyno 
( 3. 87) 
where x is an axial coordinate. The slope of the camber line is then gi 
by 
If a 
the 
ii_ = ~ 
dx ~ 
m 
m-1 m a x 
m 
change of variables is 
x = -cose 
slope of the camber line 
n 
ii_ 
= L A cosme dx m 
m=O 
(3.88) 
made such that 
(3.89) 
is given by 
(3.90) 
where n is one less than the highest power of the polynomial in x. 
For a general non-convecting gust of the form 
i\Jt -1 \J t 
u.r- = u;- e e 
0 
(3.91) 
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the fluctuating lift is given by 
i 
m=o 
J (A) 
- im+l2m(l + ~) mA ] + Zv
0
S(w,A) (3.92) 
4u 
+ 2u 0 (a-A0 )[J0 (A) + iJ1(;.. )J + TI Ao(l - X)sinA} 
where Jn( \ ) are Bessel functions of the first kind of order n, S(w, A) is 
the modified Sears function and F (w,A) is a function defined by equation (3.93 
m 
F (w,A) = 2im{iJ 1 (\ )]1-C(w)J - J (\ )C(w) (1-\m) + im] } m m- m I\ A (3.93) 
where C(w) is the Theodorsen function. 
3.8 Conmients 
Vortex theor i es f or the calculation of unsteady f orces on turbomachi ne blading 
i n the subso nic, i ncompressible flow re gi me are all based on isolated airfoil 
theory. Horlock Greitzer and He nders on ( 35 ) have shown that this is an accept-
able approximat i on f or pitch to chord ratios greater than 1.5. I t would appear 
that t he analysis given by Mukhopadhyay is the most ge neral of t he vortex t heor: 
i n that the blades may have any camber. Inclusion of blade thickness effects i: 
the next l ogical exte nsion of vortex theories. 
3.9 Notation 
b -
c 
CL -
C( w) 
d 
e -
F ( w, A) 
m 
H(w, A) 
L -
p -
S(w) 
S(w , A) 
T( w) 
T' ( w) 
u 
u 
v -
v 
w -
w -
a. -
s 
y -
r -
0 
v -
p 
w -
subscripts 
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axial spacing 
blade semichord 
lift coefficient 
Theodorsen function 
blade pitch 
exponential function 
Mukhopadhyay function 
Holmes function 
1 ift 
pressure 
Sears function 
modified Sears function 
Horlock function 
Holmes camber function 
flow velocity parallel to chord 
flow velocity in axial direction 
flow velocity perpendicular to chord 
flow velocity in tangential direction 
general flow velocity 
freestream flow velocity 
stagger angle 
fl ow angle 
vortex strength 
circulation 
angle of attack 
complex constant 
excitation frequency 
density 
reduced frequency 
o free stream condition 
r - referred to rotor 
s referred to stator 
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4. ACTUATOR DISK THEORIES 
4.1 General 
One of the earliest developments of the basic theory for the analysis 
of cascade blading vibration by actuator disk methods was given by Lilley 
[19]. Subsequent refinements to the basic theory were made by Lane and 
Wang [20] and by Lane and Friedman [21]. These investigations were pri-
marily directed towards the determination of the critical values of flow 
parameters resulting in bending and torsional flutter. Whitehead [26], 
extending the work of these authors, developed an actuator disk analysis 
to determine the unsteady lift and moment coefficients for blades vibrat-
ing in cascade. In this and all true actuator disk analyses, the blade 
chord is assumed to be very small compared to the wavelength of the upstream 
disturbance. The flow field may therefore be considered as being observed 
from a very great distance while a disturbance of finite wavelength, gen-
erated far upstream of the blade row propagates downstream. Since the blade 
chord is extremely small in this reference frame, the blade row appears to 
be a thin 11 actuator 1 disk. Actuator disk analyses similar to Whitehead's 
have been given by Ehrich [46], Yeh [22], Plourde and Stenning [47], Hawthorne 
and Horlock [48]. 
Analyses which are similar to the actuator disk ·analysis, but which relax 
one or more of the assumptions of the actuator disk analysis, are called 
semiactuator disk methods. Whitehead [27] developed a semiactuator disk 
analysis relaxing the restriction of small pitch to chord ratios. A similar 
analysis by Smith [32] twelve years later gave results identical to those 
of Whitehead. Henderson and Horlock [33] gave an analysis for closely 
spaced blades with finite turning angle. Henderson and Daneshyar [16] 
developed an analysis which showed good agreement with that of Whitehead 
[27] and Smith [32] for moderate values of frequency parameter w. For low 
frequency parameters, agreement is poor. Horlock, Greitzer, and Henderson 
[35] employed two separate techniques to derive a method which resolved 
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this discrepancy and showed good agreement with the analysis of Whiteh1 
[27] and Smith [32] for low values of the frequency parameter. In the 
remainder of this section the analyses of Whitehead [26] and [27], Smi · 
[32], Henderson and Horlock [33], and Horlock, Greitzer and Henderson 
will be developed. 
4.2 Whitehead's Actuator Disk Ana~ [26] 
As stated above, in this type of analysis the blade row is replaced by 
narrow actuator disk as shown in figure 10. The blades in the immedia· 
vicinity of the origin are shown in f i gure 11. The following assumptic 
are applied to the model: 
i) The time required for the fluid to pass through the actuator 
disk is small compared to the period of vibration of the bladE 
In order for this requirement to be fulfilled, the reduced 
frequency parameter based on the blade chord (w) must be smal· 
and is in fact limited to a va l ue of zero for the true actuate 
disk analysis. 
ii) Adjacent blades vibrate with a small, constant phase angle 
between them . This angle is the interblade phase angle (S). 
will be shown in section 4.6 that this assumption is necessarj 
in order to satisfy item (i) above. 
iii) The fluid is incompressible and inviscid. 
iv) The fluid flow and the blade vibration are two dimensional. 
v) Only vibrations in a single degree of freedom are considered. 
Whitehead first considered vibration in a direction perpendicu 
lar to the chord and subsequently torsional vibration about t~ 
leading edge of the blade. 
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vi) Only small perturbations are considered. The resulting solu-
tion is then linear so that any number of solutions may be super-
posed to obtain results for any required excitation spectrum. 
vii) All blades are assumed to be flat plates which vibrate with a 
constant maximum velocity q and amplitude h0 . 
The reduced frequency parameter based on the blade chord is given by: 
w = 
vc 
u seccr (4.1) 
where v is the disturbance frequency, c is the blade chord, U is the mean 
axial gas velocity, and cr is the angle of the relative gas velocity W 
measured from the axial direction as shown in figure 10. The denominator 
of equation (4. l) is equal to the magnitude of the relative gas velocity: 
w = u sec cr 
so that: 
vc 
w = w-
(4.2) 
(4.3) 
The exciting disturbance is assumed to propagate in the positive y direc-
tion with a velocity Vs. The phase angle ~ is then given by: 
B = vs ~ (4.4) 
where v is the frequency of blade vibration, and s is the blade pitch. The 
displacement of the blade at the origin is given by: 
H = h eivt 
0 0 (4.5) 
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while the displacements of two reference blades spaced N blade pitches 
away from the origin in the positive and negative y directions are rela-
tively: 
= h e i ('V t + NB) 
0 
= h ei( 'V t - NS) 
0 
( 4. 6) 
where N is large enough that effects of any single blade are negligible, 
but small enough so that NS<<l. The small angle ¢ through which the cascad 
turns due to its vibration is, to the first order: 
¢ = 
but 
qei\Jt 
so that 
'h B . i 'V t 
, s m e e 
0 
s 
. h i \J t 
= 1 \J e 
0 
. i \J t ¢ = gssin ee 
\J Sr 
( 4. 7) 
( 4. 8) 
(4.9) 
The relative velocity components just upstream of the blades are given 
by 
url = U + (u 01 + qsin e )ei 'V t 
(4.10) 
( ) i\Jt vrl = v1 + v01 - qcos e e 
and the downstream relative velocity components can be shown to be 
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ur2 = U + (u 02 + qsin e)ei vt 
(4.11) 
( ) i vt vr2 = v2 + v02 - qcos e e 
for the case when <P = 0 . For <P ~ 0 the upstream re 1 a ti ve velocity compo-
nents normal and parallel to the inclined cascade are, respectively: 
u' rl 
and the downstream velocities are 
u' 
r2 
(4.12) 
(4.13) 
The continuity condition requires the relative velocity perpendicular to 
the cascade to be constant, i.e. 
u I : u I 
rl r2 
or 
(4.14) 
substituting for the relative velocities and the inclination angle ¢ , and 
retaining only first order terms gives 
(4.15 ) 
It is assumed t hat the relative exit velocity of the sta ge is constant 
and that the flow exhausts at the same flow angle as the blade stagqer 
angle. The downst ream relative veloc i ty components are therefore related 
by the expression 
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= tan e 
or 
v2 + (v02 - qcose )eivt 
tane (4.16) 
U ( . ) ivt + u02 + qs1ne e 
Simplifying the above yields 
( ) ivt ivt V2 + v02 - qcosS e = [U + (u 02 + qsinS)e ]tans (4.17) 
The steady velocity v2 is related to the steady velocity U by the exore5 
sion 
V2 Utans 
so that 
v02 - qcos e = (u 02 - qsine)tans (4.18) 
Let the force per unit length acting on each blade in the inclined cascc 
be x' and y', in the perpendicular and parallel directions, respectivelj 
The total force per unit blade length between the two reference blades · 
the perpendicular direction is 
2NX' = (4.19) 
where 2N is the number of blades between the reference blades, (p 1 - p2 
is the pressure drop across the cascade, and D is the pitch-wise distan1 
between the reference blades. For quasi-steady flow with no losses the 
pressure drop is given by 
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(4.20) 
The distance between the reference blades in the stationary cascade is 
2Ns where s is the blade pitch. The reference blades are deflected from 
their rest positions as indicated in equations (4.6) so that the total 
distance D is given by 
D = 2 N s + h e i ( \) t =- N s ) c 0 s e - h e i ( \) t - N s ) c 0 s 8 
0 0 
(4.21) 
Substituting equations (4.20) and (4.21) into equation (4. 19) gives 
(4.22) 
Similarly, the force parallel to the inclined cascade may be shown to be 
Y' , ( , , )( 'h e) ivt 
= purl vrl - vr2 s - 1 0 scos e (4.23) 
Neglecting higher order terms, the force in · the direction of vibration is 
Feivt = [-X'sin( e-¢ ) + Y'cos( 8-¢ )ei vt (4.24) 
After substituting from equations (4.19) to (4.15), and (4.19) to (4.23) 
and after considerable simplification the ratio F/ ps is found to be 
F 
pS = 
(4.25) 
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Considering the vorticity of the inlet flow to be zero and assuming nc 
stagnation pressure losses, the following velocity equations may be 
derived from the stream function for the cascade. 
UQ2 + iv 02 = 
i [ ( v 1 - v 2 ) co se ~ + ( v 01 - V02)J 
(v2/V 5 ) - 1 + i (U/Vs) 
(4.26 
UOl + i VQ2 = 0 (4.27 
Using equations (4 .15), (4.18), (4.26) and (4 .27) equation (4.25) can 
written in the form below to define the unsteady lift coefficient 
CF = 
s sece rFR + CF!} (4.28 
TI C 4 + x2o 2 
where CFR = [1- x2 o (-r o + xcS + 2t) + 2x(2TE + xo - 2t) + 4] 
CFI i [2x2ot(Tt+l) 2 - x3o2 t(l+-rt2)J = + 2xs(l+T ) 
x = U/V = - us = - cScose s \) s 2sw 
\J C 
= w 2Useca1 
t = tane 
0 2 = sec e 
2 E = 1 - tan e 
T = (tana1 - tan 8)cos
2
e 
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Note again that the above analysis is based on zero reduced frequency 
and is therefore only applicable when w = 0. Also note that this analy-
sis is for transverse vibration of unstalled blades with finite mean 
deflection. Whitehead also developed an expression for the unsteady 
torque coefficient. 
~p - ~T 
c 
(4.29) 
where ~P is the chordwise coordinate of the center of pressure on the 
blade and ~T is the torsional axis of the blade. For the case of excita-
tion due to wakes from upstream obstructions, Whitehead gives the follow-
ing expression for the unsteady force coefficient. 
(4.30) 
where w is the velocity which would be induced in the vibration direction 
at the origin of the actuator disk if the disk were removed from the flow. 
Also given in the paper are expressions for the unsteady force coefficients 
for cascades of stalled and unstalled blades with zero mean deflection 
(implying no steady blade loading) and for fixed, stalled blades. Sample 
calculations and results of this analysis are given in section 8.4. 
4.3 Whitehead's Modified Actuator Disk Analysis 
The above analysis is limited to the case where the reduced frequency para-
meter w is zero. To relax this restriction and extend the range of reduced 
frequency to 0 < w ~ l .0, Whitehead developed semiactuator disk theories in 
a series of papers dealing with the following conditions: 
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a) bending vibration of unstalled blades with zero mean deflectio 
[27][28] 
b) bending vibration of unstalled blades with finite mean deflec-
tion [29] 
c) torsional vibration of unstalled blades with zero mean deflec-
tion [27][28][20]. 
The analysis of reference [27] will be reviewed here since it is repre-
sentative of the other analyses. 
The cascade notation for this analysis is identical to that shown in 
figures 10 and 11. The following assumptions are then applied to the c 
cade. 
i) All bladed vibrate with the same amplitude and velocity althou 
a constant phase angle S exists between adjacent blades. Note 
that the interblade phase angle is not required to be small as 
was the case in the actuator disk analysis [26]. 
ii) The fluid is incompressible and inviscid. 
iii) The fluid flow and the blade vibration are two dimensional. 
iv) Only single degree of freedom vibrations are considered. Tran 
lational motion in a direction perpendicular to the chord is c 
sidered first while motion parallel to the chord is neglected 
a second order effect. Torsional vibration about an axis loca 
at the lead edge of the blade is also considered. 
v) Only small perturbations are allowed. The resulting linear th, 
allows the principle of superposition to be employed. 
vi) All the blades are assumed to be flat plates operating at zero 
mean flow incidence. This means that the steady force and the 
fore the mean deflection are zero. Also the blades and their 
wakes can be replaced by vortex sheets. 
viii) The blades do not stall so that the flow always follows the SU ' 
face of the blade. 
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The general method for calculating the vorticity is to determine the 
chordwise distribution of vorticity which induces the required upwash 
velocity normal to the blade surface. The vorticity associated with 
the blade will be termed the 1 bound 1 vorticity y . An element of bound 
vorticity at a distance x1 from the origin (lead edge of the reference 
blade) will be defined as 
d i\)t Y x e (4.31) 
The corresponding element on the blade immediately above the reference 
blade will lead the element on the reference blade by the interblade phase 
angle B and will be advanced in location due to the stagger of the cascade 
as shown in figure 27. The element of vorticity on this blade is then 
given by 
Ydxei(\)t + B) (4.32) 
and the coordinates of its location are 
s cos .; (4.33) 
Generalizing this concept to the jth blade above the reference blade the 
element of vorticity and its coordinates are given by 
Ydxei( \) t+j B) 
(4.34) 
x1 + js sin .; , j s cos .; 
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Figure 27. Relative Positions of Bound Vorticity Elements Due to 
Interblade Phase Angle and Stagger Angle Effects. From 
Whitehead [ 26]. 
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A wake consisting of a vortex sheet of strength sei vt is associated with 
each element of vorticity on the blade. The vorticity s is termed the 
free vorticity and is being carried downstream from the blades at the 
relative velocity of the mainstream W. The free vorticity due to the 
element of bound vorticity at x1 on the reference blade is given by 
(4.35) 
where D is a constant which is determined by the time rate of change of 
the vorticity at a fixed point on the blade. Solving for the constant 
and substituting into equation (4.35) gives an expression for the free 
vorticity . 
. d i \J iv(x - x1 )/W - y xy e (4.36) 
The total free vorticity at any point on the blade is made up of contribu-
tions from all the bound vorticity elements between the lead edge and the 
point so that an expression for the total free vorticity at a point (x1,o) 
can be obtained by integrating equation (4.36) from x = 0 to x = x1 . 
E = 
iv 
--w 
. x, 
[ ye iv( x - x1 )Wdx (4.37) 
0 
Removing constant terms from the integral and rearranging gives a rela-
tionship between the bound and free vorticity. 
ivx1/W Ee = iv 
--w rx yeivx/Wdx (4.38) 
0 
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Differentiating this equation with respect to x1 and rewriting the 
resulting equation with x as the independent variable gives the fol-
lowing differential equation. 
= 0 (4.39) 
where ( y + E) is the total vorticity on the blade. It should be noted 
that the bound vorticity is zero in the wake. 
The strength of the vorticity is determined by matching the vorticity 
induced in the flow by the vorticity (the upwash velocity) to the veloc 
of the vibrating blade. If the blade is only vibrating in a direction 
perpendicular to the chord with velocity q the flow velocity at the bla< 
surface must be equal to the blade velocity. 
v = q q (4.40) 
If the blade vibrates in torsion about the lead edge so that the angular 
displacement is aeivt the velocity of the blade at the distance n from 
the lead edge is given by 
d ( ivt) . ivt n dt ae = na ive (4.41) 
The fluid velocity normal to the chord must be 
( ) ivt v - aw e 
a 
(4.42) 
Equating (4.42) and (4.41) gives the flow velocity at the blade surface 
due to torsional motion of the blade. 
U = aW(l + iwn) 
a 
(4.43) 
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This expression is only valid if n is a chordal coordinate i.e. n = 0 
at the lead edge and n = 1 at the trail edge. If the blade is vibrating 
due to interaction with the wake from an upstream obstruction, it can be 
shown that the fluid velocity normal to the blade surface is given by the 
expression 
v = 
w 
-i wn we (4.44) 
If all three types of disturbances are considered, the total fluid velo-
city normal to the chord is simply the sum of these components. 
v 
(4.45) 
v = q + aW(l + iwn) - we-i wn 
The strength of the bound vorticity which would be required to induce this 
velocity is given by 
y = qy + aWy - wyw q a (4.46) 
The vorticities yq' y and y are given by the solution to the following 
a w 
i ntegral equations 
1 
I yqK(x-n)dx = 
0 
1 
I y K(x-n)dx = a 1 + iwn (4.47) 
0 
1 
J Y ~/(x-n)dx = e -i wn 
0 
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where K(x- n) is a Kernel function defined by the expression 
co 
K ( z) = V ( -z) - V ( -co ) - i we i wz J e - i wz l{ V ( -z) - V (-co) } dz 1 ( 4. 48) 
z 
and 
V(z) = l(a+ i b)exp{-( n-S)(a+ib)} + l (a-ib)ex n-S) a-ib z 
4 sinh{n(a+ib)z } 4 sinh{n a-ib z} (4.49) 
and 
a = % cos~ 
b = ~sin~ 
It is now necessary to derive an expression relating tbe ~ vorticity to thE 
aerodynamic force and the moment acting on the blade. If second order 
terms are neglected, the equation of motion in the x direction is 
a ( i'Jt) + 1w a ( ivt) _ 1 E.Q. ~t we - we - - -
a ax p ;; x (4.50) 
For a point slightly below the blade this becomes 
(4.51) 
and for a point slightly above the bl ade 
p ax (4.52) 
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Subtracting equation (4.52) from (4.51) gives 
(4.53) 
The total vorticity on the blade is equal to the difference in the velo-
cities u so that 
(y + s) 
and 
simplifying gives 
{iv("(+s) + cty + U ds}e ivt = dx dx 
Substituting equation (4139) into the above gives 
Integrating the above yields 
__ W ivt 
- p ye 
(4.54) 
(4.55) 
(4.56) 
( 4. 57) 
(4.58) 
The lift force on the blade Fei vt can be obtained by integrating the 
pressure difference over the chord length, 
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c 
Fei vt = J(pl - p2)dx ( 4. 59) 
0 
or 
c 
F = -pW J yjx (4.60) 
0 
The moment acting on the blade is given by 
c 
M = -pW J txdx (4.61) 
0 
Substituting equation (4.46) into equation (4.60) expressions gives 
c 
F = -pW J ( qy + a t~y - wy ) d x q Cl w 
0 (4.62) 
c 
M = -pW I ( qy + a\.Jy - Wy ) xdx q Cl Cl 
0 
The equation for the lift force may be written in terms of lift coeffi 
(4.63) 
Making the substitution 
1 
x = 2( 1 - c 0 s 8 ) (4.64) 
the coefficients can be written as 
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1T 
CFq = J t y qs i nede 1T 
0 
1T 
CF 1T J ~ y a sin8d8 (4.65) 
0 
TI 1 I-v sin8d8 TI 2 ' W 
0 
Similar expressions can be derived for the moment coefficients. It is 
obvious that these coefficients are best determined by a maxtrix proce-
dure. First it is necessary to derive an expression for the vorticities 
of equat ions (4.47). These equations may be written in matrix form as 
[A][ r ] = [BJ (4.66) 
where the A matrix is a nxn 'Kernel function' matrix whose £th column and 
mth row i· s · b given y 
1 rr ( 2m+ l ) 
K(2 cos 2n 
1 1T .Q, ) 
- 2 cos n ( 4 . 67) 
[ r ] is a nx3 matrix in which the l th row is 
TI • TI £ 
y q . 2n sin n ' TI . TI£ y · - sin -w 2n n (4.68) 
except for the first row which is multiplied by a factor of one half, and 
[BJ is a nx3 matrix in which the mth row is given by 
1 , { l + i
2
W ( 1 - C 0 S TI ( ~ ~+ l ) ) } , {-i w[l-cos rr( 2m+ 1 )/ 2n] } exp 2 
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In the above, n is an integer number which determines the order of a~ 
imation of the solution. Whitehead achieved sufficient accuracy for 
3 ~ n ~ 5. Equation (4.67) may be solved by standard matrix procedur 
[r] = [A]- l [B] ( 4. 6~ 
The equations for the force and moment coefficients can be written in 
form as 
[CJ 1 = - TI° [X][r] ( 4. 7( 
where 
r --1 I 
:cF CFa CFw ! 
[CJ = I q I I 
/CMq CMa CM 1 W I L J 
(4.71 
and [XJ is a 2xn matrix in which the t th column is given by 
1(1 - cos TI,Q, ) 2 n 
(4.72 
Substituting equation (4.69) into (4.70) yields 
[CJ = (4.73 
This matrix equation may be used to obtain the six force and moment c 
ficients for the cascade. Whitehead [28] and Smith [32] developed an 
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which extend the above anal ysis to include the effects of generated 
acoustic waves for cascades of zero near deflection. If the elements 
in the matrices which deal with acoustic effects are neglected, both 
analyses reduce to the analysis above. 
Whitehead [29] also developed an analysis for the case of finite angle 
of incidence of the mean flow relative to the blade, i.e. for the case 
of finite mean deflection of the blades. The basic steps in the analyses 
are the same as for the analyses above, except that velocity perturbations 
perpendicular to the chord (assumed to be zero previously) are considered. 
The result of this analysis is a matrix equation of the form: 
where 
[A1J = -{D}T[A]-l {O} 
[A2J = ({D}T[A:J-
1[B0 ]T - {D}T[I]tant.:) f[H]+[IJ}[A]-l{D} 
+ ({D}T[AT]-l[B]T - {D} T [A]-l[Q])[A J-l {D} 
0 
(4.74) 
The matrices [A], [A
0
], [BJ, [B
0
], {D}, [HJ, [I], [P] and [Q] are defined 
in table 2. The variableT specifies the incidence of the flow and is given 
by 
T = 
tana1 - tant.: 
2 
sec t.: 
and the superscript T denotes the matrix transpose. 
(4.75) 
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Si x spec ial functions must be defined in order to obtain the terms in 
these matr i ces. The functions K(z) and J(z) are used to obtain the 
induced ve locities parallel and perpendicular to the chord and are very 
similar to t he ~ erne l function in reference [27]. These functions are 
given by the expressions 
where 
-1 
K(z) = V(z) + iwe-i wz [ J {e iwzV(z 1) 
z 
co 
\' 
- in log jz l + i(a+ib) { ) 
r~ 
co 
~ exp[-(2nr-s ) (a-ib)-iw] ] 
- ~(a-ib) ~ (2~ r- B )(a+ib)+i w 
r=l 
-1 
J ( z) = U ( z) + i we - i wz [ J e i wz 1 U ( z 1 ) dz 1 
co 
t (a-ib){L 
r=O 
co 
+ j (a-ib) 2: 
a = ~ · cos t;: 
s 
r=l 
z 
- i w]]} 
a+ib +iw 
exp[-(2nr- B) (a-ib)-iw] 
(2nr- S)(a-ib)+iw 
b = ~ · sin~ 
a+ib -i w } 
+i w 
(4.76) 
(4.77) 
The integrals in these expressions can be evaluated using numerical inte-
gration methods. The infinite series converge rapidly to very small values 
and can be truncated after four or five terms. The functions U(z) and 
V(z) which determine the induced ve locities due to the unsteady vortic i ty 
are also required. 
where 
and 
- i C" ize s 
x = f. · i ze i ~ 
s 
f (x ) 
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i -
f( X) - e f( x ) 
0<S<2n 
s=o 
(4.78 
(4.79 
The functi on s U0 (z) and V0 (z) are the functions given in equations (4 
when S=O. The functions M(z) and N(z) give the velocities induced by 
mean displacement of the blade and its associated steady vorticity. 
M(z) = ~;~ ·(.f.)2{e-2i s h(x ) + e2i sh (x ) } 4rrw s (4.80 
N(z) = ~1~ ·(f.)2 { e-2i ~ h( X ) 2i s -4nw s + e h( x)} 
where X and ~ are given in equations (4.79) and 
( 4. 81 ; 
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4.4 Henderson-Horlock Analysis [33] 
All of the analyses discussed above consider the blades as flat plates. 
The present anal ysis applies an averaging technique with respect to the 
pitch in order to obtain the unsteady lift on highly cambered ai rfoils. 
Henderson and Horlock apply the following assumptions. 
i) The pitch (spacing between adjacent blades) is small compared 
to the disturbance wavelength. It will be shown in section 4.6 
that this is equivalent to requiring the interblade phase angle 
3 to be s ma 11 . 
ii) The blades are thin and highly cambered but the lift coefficient 
is small. This is required because of the low pitch. 
iii) The flow is two dimensional, incompress ·ible and inviscid. 
iv) The blades are not stalled so that at every point on the blade 
the direction of the fluid flow is controlled by the blade 
surface. 
The general procedure is to apply the pitch averaging technique of Horlock 
and Marsh [34] to the equations of momentum and continuity for the flow in 
the blade channel. The resulting expressions will then be written in 
terms of a pressure difference across the blade which is integrated over 
the length of the chord to give the lift on the blade. For the blade 
coordinate system shown in figure 13 the equations of motion with respect 
to the x,y coordinate system moving with the blades may be written as 
_ l ~ 
p ax 
- l ER 
P ay 
= ~ + ~ + a(uv) 
at ax dy 
= ~ + a(uv) _+ a(v2) 
at ax dy 
(4.82) 
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where u is the axial velocity in the blade channel and v is the tan~ 
tial velocity. These velocities are related at the blade surface b) 
condition that the flow always follows the blade surface 
v = u tane ( 4. E 
where e is the angle of the blade surface relative to the axial dire 
as shown in figure 13. The cross products of the velocity componeni 
be obtained from equation (4.83). 
2 
uv = u tane 
uvtan e = 2 v 
(4.E 
Using these equations and the pitch averaging technique of [34] allc 
equations (4.82) to be rewritten for the averaged flow in the blade 
1U1£l + (pstanes - pptanep) = 
pg 
a ( gu) = 
ax 
ax pg 
0 
= d v + l d ( g Liv) 
at g ax 
- -2 ~ + l a ( gu ) 
at g ax 
( 4. E 
where the subscripts s and p refer to the suction and pressure faces 
the blades respective, g is the width of the blade passage, and the 
quantities are average quantities across the passage. These express 
are completely general and, as yet, no assumptions have been include 
regarding the blade geometry. Considerable simplification of the ec 
results when it is assumed that the blades are thin so that 
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8 = 8 = 8 
s p 
and (4.86) 
g = s 
Since g is no longer a function of axial location (x) equations (4.85) 
become 
- l ap + (ps-pp)tan8 
p ax ps 
au 
- - 0 
ax 
- -2 ~+~ 
at ax 
(4.87} 
Following the same logic as that used to arrive at equation (4.83) an 
expression relating the pitch averaged velocity components can be deduced. 
v = u tana 
(4.88) 
-2 -
uv = u tana 
where a is the mean flow angle in the channel as shown in figure 13. 
Using equations (4.88) and neglecting cross products of pitch averaged 
t erms (valid if s/ i~~l) equations (4.87) become 
- l ap+ (ps-pp)tane au 
p ax ps at 
(4.89) 
- au -2 a -tana at+ u ax (tana ) 
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where the continuity equation has also been used. 
The lift forces acting on the blade in the axial and tangential direc 
tions may be written in terms of the integral of the pressure differe1 
across the blade. 
c' 
Lx = f (pp-ps)tanedx 
0 
c' 
LY = J (pp-ps)dx 
0 
( 4. go : 
This pressure difference will be calculated using equations (4.89). 
Assuming that a linear variation of pressure exists across the blade 
channels 1 on either side of the reference blade the pitch averaged pre 
sures can be written as 
= Pz (4.91) 
where the subscripts l and 2 denote the channel across which the avera 
is taken. The pressure difference across the reference blade is there 
given by 
(4.92) 
Henderson and Horlock also derived lift expressions assuming linear t 
wise velocity variation. The results showed good agreement with the 
pressure case. It should be noted that any variation of pressure or 
city may be assumed although no studies have been made regarding the 
effect of non-linear variations. 
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Using equations (4.89) and (4.92) the time dependant pressure dif-
ference across the blade at an axial location s1 is found to be 
xl 
6p(x1,t) = p[(~~)x=O {x1 + J tanetanadx}] 
0 
-2 fxl d 
+p[(u )x=O{ tan s dx (tana)dx}] 
0 
(4.93) 
Assuming the inlet velocity consists of a steady component U and an 
unsteady component u0 sinv(t-y/V) the pitch averaged axial velocity in 
the two channels can be expressed as 
ul = u 
u 
+ Ao [sin Asinvt-(cOS A-l)cosvt] 
u2 u 
u 
+ Ao [sinAsinvt+(cOS A-l)cosvt] 
where A is the reduced frequency parameter based on pitch 
2ns 
1 
(4.94) 
(4.95) 
The mean flow angle a will be assumed to vary in the same manner as the 
blade surface angle 8 so that 
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tana = tan s tanSLE + ;, (taneTE - taneLE) (4.96) 
where c 1 is the width of the cascade in the axial direction and ell 
and STE are the angles of the blade surface realtive to the axial 
direction at the lead edge and trail edge of the blade. The stead~ 
and tangential forces respectively are obtained by evaluating the · 
independant terms of equation (4.93) to yield 
( 4. 97) 
The unsteady axial and tangential forces are obtained by integratir 
every term in equation (4.93) and subtracting the steady forces of 
equations (4.97) from the resulting total force equations to get 
= [ 2ch5 
- s sec 2 ~ 
r4uh6 
- ~Vsec~ (1-COS A) h7 +--sec~ 
....., 
I 
s i nA J cos vt 
(4.98) 
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where ~ is the stagger angle of the blades, V is the blade tangential 
velocity and the functions h1 through h8 are given by 
h1 = tan eTE - taneLE 
2 h1taneLE (h )2 
h2 = 
sec eLE 
+ + 
l 
2 3 12 
h1taneLE ( h ) 2 h3 = + 1 2 6 
h4 
h (4.99) = taneLE + _l 
2 
ta ne LE h taneTE 2 2 3 
h5 = + _l + 
2h 1 tan eLE 
+ 
taneLE(h1) (h1) 
2 3 2 + 3 3 + _1_5_ 
h1 taneLE 
2 h3 
h6 = + 
h1taneLE l 
+ --2 2 8 
2 (h )2 
h7 h1taneLE + 
1 tan eLE + 3 
hs 
2 2 
= tan 8TE tan eLE 
If the total unsteady lift force on the blade is desired, the equations 
(4.98) may be combined using the stagger angle as follows 
= 
Lxsin~ - L/os~ 
PcVu 0 
for a turbine cascade or 
I [COSE;;- [sin~ y x 
(4.100) 
(4.101) 
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for a compressor cascade. The authors also give an expression fc 
the unsteady lift for the special case of a compressor cascade of 
flat plate airfoils at a stagger angle of 45 degrees and at zero 
mean incidence to a convecting gust of the form: 
U = U + iv(t-y/V) u0e (4.102) 
An extension of this analysis to the generalized case of turbine 
compressor cascades of cambered airfoils at any stagger angle anc 
mean incidence made by the author is reported in reference [94]. 
a turbine cascade, the unsteady lift is 
L 
P cVu 
0 
and for a 
L 
pcVu
0 
= { - 2c • ( 1 -cos;\) [ h2cost_; + h5sint,;] s 2 sec t_; 
+ 2. • U s i nA [ + h8sinn c V ·-A- 2h1 cost: 
+ 2. • s i nA [ · 
c 
- A- cost: + tant_;LEs1nt:] } 
-i {4U(l-COSA) 
sect: [h3cost: + h6sint:] 
sinA 
+ sec~[h4cost: + h7sint:]} 
compressor cascade 
= {~. s 
s 
--· c 
- ~ . 
c 
(l-COSA) [ h2cost: + h5sint:] sec2t: 
U s i nA [ r V · - A- 2h 1 cos~ + h8sint:] 
+ i { 4 U ( 1 - c 0 sA ) [ h co st: + h 5 s i nt: ] sect: 3 
+ ~;~ [h4cost: + h7sint:] } 
( 4. 103) 
( 4. 1 04) 
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It is evident, however, that it is also possib l e to determine the 
ratio of unsteady forces to steady forces in both the axial and tan-
gential directions using equations (4.97 ) and (4 .98) or (4. 103 ) and 
(4.104). Sample calculations and results obtained using this method 
are discussed in section 8.3. 
4.5 Horlock-Grietzer-Henderson Analysis[35] 
The stated purpose of this analysis is the resolution of the incon-
sistent results obtained by various authors for low values of reduced 
frequency parameter as discussed in section 4. 1. To accomplish this, 
the authors employ two methods. The first method may be described as a 
combination of the analyses of Whitehead [26] and Henderson-Horlock [33] 
in that it shares major assumptions with both analyses and, in fact, 
follows the analytical procedure of Henderson-Horlock quite closely. It 
is this method which will be presented here. The second method used was 
developed by Rannie and Marble [49]. The results obtained by the two 
methods are identical. The following assumptions are applied to the 
cascade shown in figure 28. 
i) The flow is inviscid, incompressible and two dimensional 
ii) The cascade consists of a set of flat plates at stagger angle 
~ with finite chord and low pitch. 
iii) The velocity within the blade passage is constant along the 
passage. 
iv) The flow enters the cascade at zero mean incidence, i.e. the 
mean blade deflection is zero. 
v) The streamlines within the blade passage are straight and 
parallel to the blade. 
vi) There exists three distinct regions in the flow field: a) 
upstream of the blade row; b) within the blade row, and c) 
downstream of the blade row. At the interfaces of these 
regions (the lead and trail edges of the blade row) certain 
n 
1~ s 
--1 
Figure 28. Cascade and Flow Notation for Semi-Actuator Disk Analysis. 
From Horlock; Greitzer and Henderson [33]. 
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boundary conditions must exist which match the potential 
flow in one region with that in the adjacent region. 
The boundary conditions· to be applied are as fo ll ows: 
far upstream (x=-oo ): 
blade lead edge (x=O): 
a disturbance in the axial velocity 
which varies harmonically in the y 
direction exists far upstream of 
the blade row. 
the stream function is continuous but 
its slope is discontinuous due to the 
discontinuity in the tangential velo-
city. The relative stagnation pressure 
must also be continuous. 
blade trail edge ( x=xc =c cos ~ ): the stream function and stagnation 
pressure are continuous. 
far downstream (x=00 ): there are flow variations in they 
direction. 
For the far upstream region, the stream function is assumed to be of 
the following form 
\fl 1 ( x) = ( 4. l 05) 
where E and Fare complex coefficients which will be determined later, 
v is the excitation frequency and K is a dimensionless disturbance wave-
length parameter given by 
2rr 
K =y ( 4. 106) 
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where i is the disturbance wavelength. This function matches the 
upstream boundary condition since at x = -00 
~ 1 (-oo ) = Eei( vt-Ky) (4.107) 
At the blade leading edge (x=O) 
~ 1(0) = (E+F)ei( vt-Ky) ( 4. l 08 ) 
the stream function within the blade row is assumed to be 
( 4. l 09 ) 
where P is a complex coefficient and n is the coordinate direction per ~ 
dicular to the blade as shown in figure 28. The reference blade is r e~ 
by a continuous body force distribution f which matches that of the fl c 
that 
(4. 11 0) 
where B is a complex coefficient giving the body force distribution 
the lead edge. In the downstream region, the stream function is 
(4. 111) 
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By matching the upstream stream function with the stream function in 
the blade row at the leading edge of the reference blade the following 
expression relating the flow coefficients results 
E + F = P (4.112) 
Similarly, by matching the stagnation pressure gradient at the lead 
edge to the gradient at a point just downstream of the lead edge (x=s) 
and taking the limit at s+O yields 
(4.113) 
Matching the stream function in the blade row to that downstream of the 
blade row at the trailing edge of the reference blade yields 
Pe2i0 = G + He-20cot~ (4.114) 
where 0 is the reduced frequency parameter based on the blade semi-chord 
vc 
0 = 2W 
and W is the mean velocity relative to the blade. 
Matching the tangential velocity at the trailing edge yeilds 
iPe2i 0 = _ He-20cot~ 
(4.115) 
(4.116) 
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The stagnation pressure must be matched at the trail edge so that 
U 2H -2iacot~ - K e (4.11 7) 
Equations (4.112) through (4. 117) can be used to solve for the coeff i-
cients B, F and P with respect to the amp l itude of the upstream distur -
bance E. 
where 
f = t {t[3t + 2a8 + l] -i[2oo - 2t3 + t + l]} 
~E = - v ¢{ ~2[3t2 + 8t(2a8 + 1) + 1- 6/ 2] + i[S(t+l)-3t3 + 8(1+20 )]} scos 
f = i {[3t2 + t (2o8+l) - S] + i[2t3-a ] } (4. 118 ) 
t = tane 
8 = sec2e 
s = 2TT S £ 
a = 2a8 + t + 
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The loading on the lead edge (La) can be expressed in terms of the 
P and F coefficients 
La = 2npUs (F-iP)ei( vt-2ny/ £) 
i cose (4.119) 
By integrating the body . force over the pitch sand over the chord c, the 
lift on the remainder of the blade Lb is obtained: 
. 4U z. 3 . t 
Lb = pscose[Bc - 1 c TI P]e 1v 
i 3cos 2e 
(4.120) 
The total unsteady lift acting on any blade can be given in terms of t he 
sum of equations (4.116) and (4.117) 
CL = - 2- {f [l 
TIC E 
2 2 2 } 
. 2a ] _ i[~( cr~ cos e _ f] 
s1n8cos8 E 2U 2 · e E TI S 1n 
(4.121) 
Sample calculations and results obtained using this method are discussed 
in section 8.2 
4.6 Reduced Frequency Based on Bl ade Semi-Chord 
Horlock, Greitzer and Henderson [35] gave a semi-actuator disk analysis 
for cascades of low pitch to chord ratios. The reduced frequency para-
meter a is defined as: 
c \) 
0 
= 2 · W (4.122) 
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where I is the blade semi-chord, v is the excitation frequency and W 
is the flow velocity relative to the leading edge of the blade. The 
disturbance frequency is defined as 
2rrV 
v =-fl (4.12 3) 
where V is the lbade speed and fl is the circumferent ial wavelength of 
the disturbance. Substituting equation (4.23) into equation (4.122): 
_ rrcV 
a - .Q. W 
Rearranging terms allows equation (4.124) to be written as: 
0 = TfS • V C fl w • s 
(4.12 4) 
(4.125) 
where s is the blade pitch. The authors define the interblade phase angle 
B (the phase angle between the lift fluctuations of adjacent blades ) as 
B = 2rr s (4.1 26) fl 
so that 
= l ~ I · v c (4. 127) a w· s 
The reduced frequency parameter based on the semi-chord is given by the 
product of the absolute value of half the interblade phase angle, t he 
relative velocity ratio and the inverse of the pitch to chord ratio . 
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4.6. 1 Reduced Frequency Based on Blade Chord 
Whitehead [26][27][28][29][30][31] has developed actuator disk theories 
using a reduced frequency parameter based on the blade chord: 
- \)C 
w - w (4.128) 
This reduced frequency is related to the reduced frequency of Horlock, 
Greitzer and Henderson [35] by the expression 
w = 2cr (4.129) 
so that 
( 4. 1 30) 
4.6.2 Reduced Frequency Based on Blade Pitch 
Henderson and Horlock [33] presented an analysis for the case when the 
blade pitch was much smaller than the wavelength of the disturbance. The 
reduced frequency parameter based on pitch was defined as: 
A _ 2ns 
- - Q,- (4.131) 
Comparing this equation to equation (4.123) it is obvious that the reduced 
frequency parameter based on pitch and the interblade phase angle are 
related by the following expression. 
A = -B ( 4. 1 32) 
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The authors also used the reduced frequency based on the blade semi-
chord as defined in equation (4. 122). 
4.6.3 Comments on the Interblade Phase Angle 
In all of the above analyses the interblade phase angle S was assumed t o 
be small. The implication of this assumption is that the circumferent ial 
wavelength of the disturbance is large compared to the blade pitch. It 
should be noted that the interblade phase angle is a flow related quan t ity 
giving the phase relationship of the excitation of adjacent blades. The 
interblade phase angle represents a blade response related quantity if and 
only if every blade responds with an equal, constant phase relative to the 
excitation. 
4.7 Notation 
c 
s 
u 
u 
v 
w -
w -
x,y 
s -
y 
r 
8 
A 
v -
~ -
p 
0 -
w -
blade chord 
lift coefficient 
pressure 
blade pitch 
nonsteady axial velocity 
steady axial velocity 
nonsteady tangential velocity 
steady tangential velocity 
disturbance propagation velocity 
nonsteady relative velocity 
steady relative velocity 
coordinate directions 
interblade phase angle 
vorticity 
circulation 
blade surface angle 
reduced frequency based on pitch 
disturbance frequency 
stagger angle 
density 
reduced frequency based on semichord 
reduced frequency based on chord 
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5. Field Theories 
5.1 General 
Field theories are based on the definition of the flow field in terms 
of velocity (or pressure) potential functions. The solution of the 
potential equations may take several forms. Osborne [4][50] and. Mani 
[51] closely follow the Kemp-Sears analysis for subsonic flow, with an 
extension to include compressibility _effects. Pigott and Yeh [52] 
applied the time marching technique and the finite area approximation 
method to numerically solve the equations of motion of the flow through 
a blade channel for the unsteady aerodynamic pressure and forces on a 
blade. The forces obtained are then used to determine the flutter 
characteristics of the blade. Ni and Sisto [53] applied the time march-
ing technique to compressible subsonic and supersonic flow through a 
cascade of flat plate airfoils. Good agreement with results obtained from 
Smith's [32] 1 analysis was obtained. Warner [38] used a finite element 
approach to analyze the two-dimensional, inviscid, incompressible, steady 
potential flow around an interative cascade of cylinders. Steele [39] 
extended Warner's analyses to a higher order element for Stokes flow 
around a cascade of cylinders and performed a preliminary analysis for 
flow through a cascade of airfoils. Gostelow [8] reviewed existing 
field theories for subsonic compressible flow through cascades. 
5.2 Subsonic Compressible Interactions Between Blade Rows 
Osborne [4] developed expressions for the unsteady force on an isolated 
two-dimensional airfoil subjected to convecting and non-convecting 
transverse gusts in a subsonic compressible flow field. The basic 
approach used by Osborne was to apply a Prandtl-Glauert transformation 
to convert the cascade parameters to an equivalent incompressible (E.I.) 
plane. The upwash velocity components at a point in the E.I. plane are 
found usinq the Kemp-Sears [2] approach. The results are then transformed 
1see section 4.3 
lc6 
back into the compressible plane and the unsteady lift is determined. 
Osborne's assumptions are identical to those of Kemp and Sears with 
three major exceptions: i) the flow through the cascade is compres-
sible; ii) the airfoils are two dimensional, i.e. thin, cambered air-
foils and; iii) the vortex wakes of the stators are neglected as the1 
contribution to the total rotor unsteady lift is a second order effec 
For a convecting transverse gust of the form 
v = 
the unsteady blade force is given by 
L(t) 
2TTp cVv 0 
For a non-convecting transverse gust of the form 
v 
the unsteady blade force is given by 
where 
L(t) 
2TTpcVv 
0 
= 
co 
- 2i o- 1[1- ~] LnJn( O)Jn(i:) 
n=l 
( 5. 1 ) 
(5.2) 
( 5. 3) 
(5.4) 
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vc 2 
T = M rt ; ~ T V 
J(x) = 
and S( ~ ) and C( ~ ) are the Sears and Theodorsen functions defined in 
section 2.2. 
The reader is encouraged to compare these expressions with those obtained 
by Kemp and Sears [2] for.unsteady lift. The cascade configuration used 
by Osborne is shown in figure 29 and is similar to that of Kemp and 
Sears. The formulation of the rotor lift force is derived from two 
types of interaction; namely, rotor upwash due to the relative motion 
of the rotor and stator and rotor upwash due to the viscous wakes of the 
stators. The vortex wakes of the stator are not considered since their 
contribution to the total rotor lift is negligible. 
5.2. 1 Upwash Due to the Relative Motion of the Rotor and Stator Cascades 
The compressible flow field in the stator cascade can be expressed in 
terms of the linearized steady potential flow equation. 
62 
s If' xx + U/yy = 0 (5.5) 
where 82 
s 
is the stator Mach number parameter 
62 1 - M2 1 2 (5.6) = = 
- (Vsfao) s s 
and a
0 
is the sonic velocity of the undisturbed free stream. Since the 
flow velocity at the blade surface must be zero, the no penetration 
boundary condition is 
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( 5. 7) 
where Ys(x) is the stator blade shape, i.e. the camber function. To 
apply the Prandtl-Glauert transformation along the freestream direc-
tion of the stator flow field requires the following equalities. 
y = Y; 
With these substitutions equations (5.5) and (5.6) become 
A, + A, - 0 
'+' xx '+'yy 
¢ =VY'(x) y s s 
(5.8) 
(5.9) 
The result of this transformation is to convert the stage (both flow 
field and profile) to an equivalent incompressibl e E.I. plane. Thus 
Y~(x) is the E.I. camber function. The pitch, stagger angle and chord 
are also converted to E.I. values as shown in figure 30. 
-1 2 2 1/2 d' = 6 ( 1-M cos a ) ds 
s s s s 
tana' = 6-l tana 
s s s 
(5.10) 
C I 6-1 s = $ cs 
By mapping velocity in the E.I. plane, the transverse unsteady velocity 
at a point in the flow field is given by 
V M 
s, s I 
I 
I n=-1 
I 
I 
I 
I 
t 
Stator 
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Rotor 
Figure 29. Cascade Configuration for Osborne Analysis. From Osborne [4]. 
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~Ms ~c a~ I s '-..../ T 
" I Ys I 
'-.....I/ ds 
l '"l Stator ~
XS 
a) Stator in Compressible flow plane 
~ ~ 
b) Stator in equivalent incompressible flow plane 
Figure 30. Conversion of Stage Parameters from the Compressible Plane to the 
Equivalent Incompressible Plane. From Osborne [4]. 
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v = (5.11) 
where X = ae + a and w. is the complex velocity in the incompressible 
s 1 
plane, i.e. 
w. = v. + iu. 
l l 1 
The transverse upwash on the rotor blades is given by 
where 
and 
00 
v = [l - (1- B )e-ixcosx ]( r /2 rrc) VG exp[-2mn/ ds)Cx ei ar]eimvrt 
s s r ~ m r 
m=l 
(5.13) 
Gm = -rra (dr)eixr DH exp {-mna (ddr)[(~)(l + itana -ivU cosa )A 
r ds s m r s er r s s 
(5.14) 
00 
-1·a ~ A +l-A 1 -1· a Hm = J ( Trma i e s A) + ~ ( - i ) n n n- J ( nma i e s A) 
o s n= 1 A0 + A1 n s 
B = 1 - i(l- 6 )e-ixsinx 
s 
C = AB D = B-l A s 
(5.15) 
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The coefficients An are determined by the blade profile as given by 
where 
co 
-A0 - 2 ~ Ancos n 8 
n=l 
The steady rotor blade circulation is given by 
where the coefficients An are given by 
co 
A - 2 2:: A cos n 8 
o n=l n 
and 
(5.16 ) 
(5.17) 
(5.1 8) 
The ratio of the unsteady rotor blade lift to the steady blade lift is 
given by 
where the coefficient G is given by equation (5. 14) 
m 
Dr 
-2 M2rt cS = + µrc/V r = u.i B T Tr r r r r r ' r 
v c 
e ia. r w _ r r µ r = -2Ti iV C/ds r -v; r 
and KL is given by the expression in t he {} brac kets in equation (5. 4) . 
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5.2.2 Upwash Due to Viscous Stator Wakes_ 
The expression for the upwash ve l oc i ty at a poi nt i n t he flow fie l d as 
a function of ti me due to stator viscous wakes i s 
where 
and 
V 112 1.6456 sinx crs ( z )1/2 irrtu G = 4rr-vs CC { } c e r 
m r [(z/c5)+0.3] · 1 .4142cosas s 
z 
c 
s 
0.68 0 m rr C0z 
· exp[-(l.4142c~sa )2 c 
s s 
z v 
( s + _i_ -2-) 0 7 c-- seca5 c V - . 
s s r 
(5.20) 
(5.21) 
(5.21) 
(5.22) 
As was the case with the Kemp-Sears analysis, z , may range from +l to -1 
r 
and cr s = 2D 5/d 5 is the solidity of the stator cascade. The ratio of the 
unsteady lift to the steady lift due to viscous stator wakes is given by 
co 
L~t) = B ~l l; GmJ(mTr)S(rnDr)eimvrt 
m=l 
where the G coefficients are given in equation (5 . 21) and 
m 
(5.23) 
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Sample calculations were made by Osborne for the following stage para-
meters: 
s/ c 0.4 
r 
dr/ds = 1. 0 
as = or = 1 . 0 
as = ar = 45° 
CD = 0. 01 
z 
r = 
-0.25 
r / r s -1. 0 
In the calculations the stator and rotor blades were considered as flat 
plates . Figure 3l(a) is a plot of the magnitude of the unsteady lift 
ratio vs rotor Mach number for potential flow interation of t he rotor and 
stator rows. As the rotor Mach number approaches the sonic condition, i .e . 
Mr>0.8 the resulting lift ratio abruptly increases. These values are a 
result of the factor Bs approaching zero in the denominator as the flow 
becomes transonic thereby establishing an upper limit of M ~a . a for the 
r 
theory to be valid. Figure 3l(b) is a similar plot for the viscous sta t or 
wake/rotor interaction. It is noted that the values from these plots may 
not be added directly but must be summed in the complex plane to avoid phas -
ing errors. 
5.3 Finite Element Procedures 
Warner [38] used a finite element approach to analyze the two-dimensional, 
inviscid, incompressible, steady potential flow around an iterative cascade 
115 
0. l 0 
a) 
l st H . armon1c 
0.05 
Harmo.n i c 
0.2 0.4 0.6 0.8 l . 0 
~\ 
Relative magnitude of unsteady stator lift 
Mach number. Potential flow interactions. 
distribution on rotor blades. s/cr = 0.4. 
ratio vs. stator 
Flat plate load 
0.025 l
st H . armoni c 
2nd H . armon1c 
0.0 .......... __ ..... _... __ ..._ ...... __ ..___. __ ................ __ _,_ __ 
0.2 0.4 0.6 0.8 l. 0 
Mr 
b) Relative magnitude of unsteady rotor lift ratio vs. rotor 
Mach number. Viscous wake interactions. Stator blade drag 
coefficient c0 =0.0l. s/ cr=0.4. 
Figure 31. Unsteady Lift Ratio vs. Mach Number for Potential Flow 
and Viscous Wake Interactions. From Osborne [4]. 
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of cylinders. The quadrilateral fluid element was formulated in terms of 
the potential function ¢ . For irrotational flow the velocity field is 
governed by the Laplace equation: 
(5.22) 
Using a variatio~al approach, solutions to this expression require the 
functional X to be stationary within the region enclosed by the element 
boundary S. q(s) is the outflow normal to the boundary curve. For linear 
potential variation along the sides of the elements, X may be expressed as 
x = .2: (5.23) 
ELEM 
where ~ is the potential vector associated with an element, K is the 
- --€ 
influence matrix associated with an element, ¢1 is the potential associated 
w i th node i , and R i i s the 1 nod a 1 1 o ad i n g 1 as soc i at ed with node i . To ma k e 
X stationary, the total differential of ¢1 must vanish, i.e. 
_!$_ t = R (5.24) 
where _!$_ is the global influence matrix. 
The unknown potential values are then found from the appropriate boundary 
conditions. 
To test the functioning of this procedure Warner has calculated the surface 
velocity on an infinite cascade of right circular cylinders. A typical mesh 
used in the calculation is shown in figure 16 and figure 17 is a comparison 
of calculated results for various numbers of surface/fluid boundary nodes 
with theoretical values for the same cascade. The element mesh at a distance 
from the cylinder was maintained as the interface mesh was refined. 
The accuracy of the solution would probably improve if this outer mesh 
were refined in the same manner as the interface mesh (Warner). 
Steele [39] developed a two-dimensional eight-node isoparametric finite 
element procedure based on Stokes flow. The major difference between 
Steele's Stokes flow formulation and Warner's potential flow formulation 
is that the potential flow formulation neglects viscosity and compressi-
bility while the Stokes formulation includes these effects but neglects 
inertial effects. Since iner~ial effects are important in turbomachine 
stage flow, Steele's analysis must be regarded as an intermediate step 
in the development of a suitable element. Figure 32 is a comparison of 
the results obtained by Steele with those of Warner for flow through a 
cascade of cylinders. 
Finite element procedures f or the calculation of uns t eady blade f orces 
appear to have great promise. The aeroelastic i nteraction between the 
blading and the working fluid could be modeled with relative ease if 
suitable fluid flow elements are generated. 
5.7 Notation 
a sonic velocity 
c blade semi chord 
CL - lift coefficient 
d blade pitch 
L lift 
M Mach number 
s axial spacing 
u nonsteady velocity perpendicular to chord 
u steady velocity perpendicular to chord 
v nonsteady velocity paralell to chord 
v steady velocity parallel to chord 
a - stagger angle 
6 Mach number parameter 
r circulation 
µ complex constant 
v excitation frequency 
p density 
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V = 2.15 cWSEC 
1. 6.0 CM .1 
a) Stokes flow finite element solution for flow through 
a cascade of cylinders. Steele [39]. 
VWV( = 2.1 oVSEC 
1. 6.0 01 .1 
b) Potential flow finite element solution for flow through 
a cascade of cylinders. Warner [38]. 
Figure 32. Comparison of Finite Element Results Obtained by 
Steele [39] and Warner [38] for Flow Through a 
Cascade of Cylinders. 
ll.9 
6. COMPARISON OF THEORIES FOR THE CALCULATION OF UNSTEADY FORCES 
6.1 General 
A comparison of the analytical models used by the authors refer-
enced in Sections 3, 4 and 5 indicates two general categories 
into which all of the above analyses fall regardless of the 
analytical method used. The first category is typified by the 
use of isolated airfoil methods to determine the unsteady forces 
on the blades due to excitations at stator passing frequency. 
These analyses are applicable to low solidity blade rows such 
as those found in LP turbine stages and compressor stages. 
Included in this category are all of the vortex theory analyses 
and some of the field theory analyses. The analyses in the 
second category do not employ isolated airfoil theory. These 
theories are based on the assumption that the blade pitch is 
small compared to the excitation wavelength, i.e., the blade 
row is subjected to low per-rev excitation. This category in-
cludes all of the actuator disk analyses. Since a majority of 
these theories model the blades as flat plates, the analyses 
are more applicable to LP turbine stages and compressor stages 
than to HP and IP turbine stages. In the remainder of this 
section the theories in each category will be compared. 
6.2 Isolated Airfoil Theories for Nozzle Passing Frequency Excitation 
The Kemp and Sears analyses [2] [3] are based on an elementary 
turbine stage consisting of a cascade of stators and an adja-
cent rotor cascade. The blades in each cascade are staggered 
flat plates. The volocity field downstream of the stator cascade 
due to potential effects and to the viscous stator wakes are 
calculated. The calculated velocity field is then into convect-
ing sinusoidal gusts. Only those gusts perpendicular to the 
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rotor blade chord are used to calculate the unsteady forces 
on the rotor blades, using isolated airfoil theory. Gusts 
parallel to the blade chord were neglected as being second 
order effects. Horloc k [13] and Holmes [14] derived express-
ions relating convecting and non-convecting streamwise gusts 
respectively to the unsteady force on isolated flat plate air-
foils. The Horlock and Holmes functions in these expressions 
are similar in form to the Sears function. Holmes [14] derived 
an expression relating a non-convecting streamwise gust to the 
unsteady force on an isolated airfoil of circular arc camber. 
This expression is highly specialized since no corresponding 
expressions relating convecting and non-convecting transverse 
gusts or convecting streamwise gusts to the unsteady force on 
this type of airfoil were presented. The total unsteady force 
is therefore impossible to calculate. Mukhopadhyay [18] sub-
sequently derived an expression which relates a general non-
convecting gust, i.e., a gust with both transverse and stream-
wise gust, to the unsteady force on an isolated airfoil of 
general camber. This analysis is also specialized because no 
relationship between a general convecting gust and the unsteady 
force was presented. 
All of the above analyses are based on subsonic incompressible 
flow theory. Osborne [4] extended the Kemp-Sears anal yses to 
the subsonic compressible flow case. As in the Kemp-Sears 
analyses, the blades are represented as flat plates and stream-
wise gusts are neglected. There is no reference in the open 
literature which relates streamwise gusts, either convecting or 
non-convecting to the unsteady forces on airfoils in cascade. 
A comparison of the theories mentioned above is given in table 
3. 
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6.3 Actuator Disk Theories for Per-Rev Excitation 
All actuator disk theories have a common assumption, namely 
that the pitch of the rotor blades must be small compared to 
the wavelength of the excitation. The most prolific contri-
butor to the actuator disk literature is Whitehead. 
Whitehead's original actuator disk analysis [26] assumes that 
both the blade pitch and the blade chord are much smaller than 
the excitation wavelength. The analysis is based on the assump-
tion that the reduced frequency is zero, implying an infinite 
excitation wavelength and/or zero blade chord. It is further 
assumed that the mean deflection of the blades is zero, i.e., 
that the steady load on the blade is very small. In a sub-
sequent analysis [27] the author considered reduced frequencies 
greater than zero but less than unity for the case of zero 
mean deflection. In yet another analysis [28] the requirement 
that the mean deflection be zero was relaxed to allow finite 
mean deflections, i.e . , significan~ steady loading, and sound 
generation by the blade row was considered, implying compress-
ible flow. Henderson, Greitzer and Horlock [35] reported an 
analysis based on the assumption that the blade pitch is small 
compared to the excitation wavelength. The analysis is restricted 
to cases in which the reduced frequency is less than 0.4. 
Although a different analytical method was used, excellent agree-
ment was obtained with the Whitehead analyses for the zero 
mean deflection case. All the above analyses have been based on 
the assumption that the blades are flat plates. Henderson and 
Horlock [33] presented an analysis based on the assumption that 
the pitch is small compared to the excitation wavelength. The 
blades are assumed to be thin cambered airfoils. This paper 
greatly extends the state-of-the-act of actuator disk analyses 
and brings the capabilities of these analyses closer to those of 
isolated airfoil analyses. 
U3 
Most actuator disk analyses are based on subsonic incompressible 
flow theory though the analyses by Whitehead [31], Smith [32] 
and Kaji and Okazaki [54] are for subsonic compressible flow. 
A comparison of actuator disk theories is given in table 4. 
6.4 State-of-the-Art for the Calculation of Unsteady Forces 
on Turbomachine Blading 
Substantial progress has been made in the development of subsonic 
incompressible flow theories for unsteady force prediction. 
A complete s~t of theories for calculating the unsteady forces 
on a low solidity turbomachine stage consisting of flat plate 
airfoils has been given [2] [3] [13] [14]. Experimental veri-
fication of the theories has been attempted and the degree of 
correlation is strongly dependent on the extent to which the 
analytical model agrees with the experimental model. Similar 
theories for stages with -airfoils of general camber are being 
developed [18], though no experimental verification has yet been 
attempted. 
The extension of such stage flow analyses to the subsonic com-
pressible flow case has been done [4] though streamwise gust 
effects and experimental verification have yet to be done. 
Whitehead's actuator disk analysis [26] appears to work well for 
cascades in which both the pitch and the chord are small com-
pared to the excitation wavelength and for low reduced frequency 
values (w<<l.O). The upstream velocity profile of the flow 
entering the actuator disk is required, or must be assumed. 
Actuator disk analyses thus appear to be suited to analysis 
of low-per-rev harmonic effects on blading for subsonic in-
compressible flow. No comparison study of actuator disk vs 
experiment appears to have been made in the open literature 
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for steam turbine blading. The prediction of non-steady lift 
for higher values of reduced frequency parameter (O<w<0.4) also 
appears to be possible if the semi-actuator disk analysis of 
Horlock, Greitzer, and Henderson [35] is used. Most actuator 
disk methods do not account for significant flow turning angles. 
Cascades with thin cambered blades can be analyzed using the 
approximate mass-flow method of Henderson and Horlock [33] to 
give values for non-steady lift. This also is an incompress-
ible subsonic flow procedure. 
Actuator disk methods for the subsonic compressible flow case 
have been developed [31] [32] [54] though minimal experimental 
verification has been attempted. 
The actuator disk analyses are linearized so that results obtained 
for any number of given excitation frequencies can be super-
posed to give the total response to all the frequencies. 
7. COMPUTER PROGRAM FOR NOZZLE PASSING EXCITATION 
7. 1 Program Development and Verification 
A computer program based on the Kemp-Sears analysis including 
viscous effects was developed by Rao and Rieger [55] and by 
Rao [44]. A listing of the program is given in section 7.3. 
The computer program was written and verified in two steps. 
First, the section of the program which calculates lift fluctu-
ations due to interference effects (no viscous effects) was 
developed. Figures 33 and 34 are plots of unsteady lift vs. 
pitch ratio for flat plate and elliptical steady load distri-
bution respectively. In most cases there is good agreement 
between the computed results and those of Kemp and Sears [2]. 
Rao and Rieger [55] in discussing these results mention the 
approximate formulae used by Kemp and Sears for the calcula-
tion of Bessel functions with negative and/or imaginary argu-
ments as a likely source for the difference~ in figure 33. 
Figures 35 and 36 are plots of unsteady lift vs. axial spacing 
ratio for flat plate and elliptical distributions respectively. 
These plots show good to excellent agreement with the Kemp-
Sears theory for both the first and the second harmonic, 
considering the computation differences. 
The second developmental step reported by Rao [44] was to extend 
the program to include the effect of viscous wakes on the rotor 
lift. The extended program was verified by comparing the results 
with those of Kemp-Sears [3]. In general good to excellent 
agreement existed between the computed results. To demonstrate 
this correlation results from four test runs using the following 
input from an example calculated by Kemp and Sears [3] are 
compared to the Kemp-Sears results. 
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or = 1. 0 
as 1. 0 
d 
r 1. 0 ~ 
CL = .7854 rad (45°) r 
as .7854 rad 
vs = 1. 0 
vr = 1. 0 
u = 1 . 4142 ( 2) 
b'/c = 0.20 
r 
CL = 1. 00 
CD = 0.02 
xr/cr -1/2; +1/2 
The results of these test runs are given in table 5. It can be seen tha 
(1) The viscous effects determined by the computer program agree w 
with the Kemp-Sears results. 
(2) 
(3) 
An increase in the drag coefficient C~ increases the viscous 
effects (in this case). 
A large change in x /c from -1/2 to +l/2 produces changes of 
ro r 
order of 25% in the viscous effects. More conservative result: 
are obtained when the lower value is used, i.e. uc and K to be 
evaluated at the quarter chord point. 
(4) Th e second harmonic produced by viscous wakes is generally lar~ 
than that produced by the steady circulation and stator vortex 
wakes. 
7.2 Input and Output Instructions 
The input data required by the program are given below . The column numbe 
in which the data must appear are listed in the right-hand column. Excep 
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for the variable M, all va ri able s are flo ating point numbers. The var-
iable M must be ri gh t justified to avoid input errors. 
Notation Used Notation Used Da tA Ca rd Location on 
in Text In Program Number Data Card 
As 
0 RASO 1-10 
As 
1 RASl 11-20 
As 
2 RAS2 21-30 
Ar 
0 RARO 31-40 
Ar 
1 RARl 41-50 
.,.. 
51-60 A' RAR2 2 
J RSI GR 2 1-10 r 
a 
s 
RSI GS 2 11-20 
. /d 0
r s 
Rl\T IOl 2 21 ·-30 
ar RAP HAR 2 31-40 
as RAP HAS 2 41-50 
m M(integer valu e ) 3 1-2 
v RVS 3 3-12 
s 
v RVR 3 12 - 22 
r 
u RU 3 23-32 
t 
( 
133 
b 1 /c RARI02 3 33-42 
r 
x / ,.. RXROCR 4 1-10 ro 1 1....r 
cs 
D RCDS 4 11-20 
CR 
L RCLS 4 21-30 
The output of the program consists of the input data in the same order as it 
is read and the following i n f o rma ti on : 
( 1 ) Stator lift first harmonic 
tls(t) 
Ls m= 1 
0 
( 2) Stator lift second harmonic 
tls(t) 
Ls m=2 
0 
Lrl (t) r2 
( 3) Rotor lift first harmonic t 
+ tl (t) 
Lr m=l 
0 
( 4) Rotor lift second harmonic 
tlrl (t) + tLr2(t) 
Lr m=2 
0 
tlrl (t) Lrl (t) 
( 5) Rotor lift first parts t 
Lr m=l Lr m=2 0 0 
Lr2(t) tLr2(t) 
( 6) Rotor lift second parts t 
Lr m=l Lr m=2 0 0 
( 7) Rotor 1 ift parts due 
to viscous 't1akes 
(8) Total rotor lif t fi rs t 
harmonic 
(9) Total rotor lift 
second harmonic 
134 
t 
Lrv (t) t Lrv (t) 
Lr m=l Lr m=2 
0 0 
tlrl(t ) + tLr2 (t ) + tlrv (t) 
Lr m=l 
0 
NOTE: If there are any errors in computing the Bessel functions, t he co 
responding error code is printed. If there are no errors, no error cod1 
is printed. 
7.3 Program Listing 
Included in the following listing are the master program; subroutine 
CBESJ, for calculating Bessel functions of the first kind of order n 
with complex arguments of the form Jn(pei~); subroutine SUMK, for cal-
culating factorials; and subroutine BEJIM, for calculating Bessel func-
tions of the second kind of order n with negative real arguments. In 
addition to the above subroutines, two standard subroutines included in 
the IBM sc i entific subroutine library are required to calculate Bessel 
functions of the first and second kind of order n with real posit i ve 
arguments. 
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8. COMPUTER PROGR.11,MS FOR PER-REV EXCITATION 
8.1 General 
As stated previously, the Kemp-Sears analysis is based on isolated airfoil 
theory and upon induced circulation interference effects between blade rows. 
These assumptions limit the Kemp-Sears analysis to the calculation of 
excitation at nozzle passing frequency for a state of low solidity. Compu-
ter programs have been written to calculate per-rev excitation of high 
solidity blade rows using the semi-actuator disk analysis of Horlock, Griet-
zer and Henderson (HGH)[35](see section 4.5), by the analysis of Henderson 
and Horlock [33](see section 4.4) and by Whitehead 's [26] actuator disk 
analysis (see section 4.2). Listings and input instructions for these pro-
grams are given in the following sections. 
8.2 Development and Verification of the Semi-Actuator Disk Analysis Program [35] 
The semi-actuator disk analysis is applicable to high solidity cascades 
(s/c<<l) when the reduced frequency is small (w<<l). High pressure turbine 
stages meet these conditions approximately when the stage is operating near 
the design condition, i.e. when pressure gradients across the passage width are 
small. The program described below has been verified by comparing the output 
with results given in reference [35] for the magnitude of the unsteady lift 
coefficient as a function of pitch to chord ratio for various values of reduced 
frequency: See table 6. To facilitate this comparison, the un steady lift 
coefficient is normalized on the blade pitch s instead of the blade chord c , 
as is usually the case. At present there is no explanation for the lack of 
agreement between the computed values and those of HGH for a reduced fre-
quency of w = 0. 01 . Excellent agreement is obtained for all other reduced 
frequencies . 
8.2 . l Input and Output Instructions 
The program is intended to be run f rom a remote terminal using an interactive 
input and control method . After the initial run command, two requests for data 
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are issued by the computer. The prompt character for this data input is 
a question mark. The first quest i on mark is a request for an identifying 
title of up to 80 alphanumeric characters. The second question mark is 
a request for the bl ade chord in inches, blade pitch in inches, mean axial 
gas velocity in inches per second, blade circumferential velocity in inches 
per second, blade stagger angle in degrees and disturbance frequency in 
radians per second . 
These variables are entered in the order given above and must be separated 
by commas . Note that all the variables are real numbers and, as such, re-
quire a decimal point. The output consists of the data in the order in 
which it was read, the calculated reduced frequency , the real and imaginary 
components of the unsteady lift coefficient and the magnitude of the unsteady 
lift coefficient . Following the results, the program offers the option of 
changing any or all of the input data. 
To demonstrate this procedure, a sample run using the following data is 
given. 
Blade chord (in. ) = 2.0 
Blade pitch (in. ) = 2. 0, l . 5 
Axial gas velocity (ips) = 2400.0 
Blade speed (ips) = 2400 . 0 
Stagger angle (deg. ) = 45.0 
Disturbance frequency (rad/sec) = 339.4 
!mJn 
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8.2.2 Program Listing 
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8.3 Development and Verification of the Program for the Henderson-Horlock 
Analysis [33] 
This analysis is applicable to stages where the rotor blade pitch is small 
compared to the stator pitch and where the rotor blade lift coefficient is 
small. High pressure stages with impulsive blading may be modeled by this 
procedure. The program described below has been verified by comparing the 
output to results given in reference [33] for the real and imaginary parts 
of the unsteady lift coefficient for various values of reduced frequency 
parameter: See table 7. Acceptable agreement is obtained for all reduced 
frequency parameters below 0.20. 
8.3. 1 Input and Output Instructions 
The program is intended to be run from a remote terminal using an inter-
active input and control method. After the initial run command, the 
computer issues two requests for data. The prompt character for this 
data input is a question mark. The first question mark is a request for 
the blade chord in inches, the blade pitch in inches, the stagger angle 
in radians, the blade surface angle at the lead edge in radians and the 
blade surface angle at the trail edge in radians. The second question 
mark is a request for the mean axial gas velocity in inches per second, 
the blade speed in inches per second, the excitation frequency in radians 
per second and the excitation wavelength in inches. These variables are 
real numbers and must be entered in the order given, separated by commas. 
The program then outputs the data and issues a third request-for-data 
prompt character. This input, 1 for a turbine analysis and 2 for a 
compressor analysis, directs the computer to the correct program segment. 
The output consists of the magnitude of the unsteady lift coefficient 
for comparison to the theory and the following results which are normal-
ized on the density. 
1) unsteady axial force (6A) 
2) unsteady tangential force (6F) 
3) unsteady lift force (6L) 
TABL E 7. Comparison of Computed Results With Anal ysis of Reference [33]. 
--- Red uced Pitch to Stagger Magnitude of Nonsteady Lift Coefficient 
Freq uency Chord Ratio Angle 
I Pa rameter Program Reference [33] 
0. l 0 1. 0 45° 0.429 0.440 
0. 20 1. 0 45° 0.335 0. 377 
0.30 1. 0 45° 0.390 0.302 
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4) steady axial force (A) 
5) steady t angential force (F) 
6) steady l ift force (L) 
7) axial force ratio (6A/ A) 
8) tange nti al force ratio (6F/ F) 
9) 1 i ft rat i o (6L/ L) 
Following the results, the program offers the option of changing any or al 
of the input data. To demonstrate this procedure, a sample run using the 
following data is given. 
Blade chord (i n): 1.873 
Blade pitch (in): 1.315 
Stagger angle (rad): 1.1174 
Lead edge blade su rface angle (rad ) : 0.6417 
Trail edge blade surface angle (rad): 1.2217 
Mean axial gas velocity (ips): 5.8095 
Blade speed (ips): 23. 124 
Excitation frequency (rad/sec): 69.385 
Excitation wave l ength (in): 2.094 
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8.4 Development and Verification of the Actuator Disk Analysis Program 
The actuator disk analysis is applicable to cascades in which the disturb 
wavelength is much larger than both the pitch (£>>s) and the chord (i >>c) 
The only restriction placed on the solidity is that is must be finite. A 
result of the above assumptions, the reduced frequency must be very small 
(w<<l). The program described below has been verified by comparing the 
output with sample results given by Whitehead [26]: See table 8. Good 
agreement is obtained for zero and thirty degree stagger angles at all in-
cidence angles for the pitch to chord ratio 0.25. At present there is no 
explanation for the lack of agreement at the pitch to chord ratio 0.50. 
8.4. l Input and Output Instructions 
The program is intended to be run from a terminal using an interactive 
input and control method. After the run command, the computer prints a 
request for data, followed by a question mark. The data required are the 
blade stagger angle in radians, the blade pitch in inches, the blade chord 
TA
BL
E 
8.
 
Co
m
pa
ris
on
 o
f 
Co
m
pu
ted
 R
es
ul
ts
 W
ith
 A
ct
ua
to
r 
D
isk
 A
na
ly
si
s 
o
f 
R
ef
er
en
ce
 [
26
]. 
Pi
tc
h 
to
 
St
ag
ge
r 
In
le
t 
Fl
ow
 
M
ag
ni
tu
de
 o
f 
N
on
ste
ad
y 
L
if
t 
C
oe
ff
ic
ie
nt
 
Ch
or
d 
R
at
io
 
A
ng
le 
A
ng
le 
Pr
og
ra
m
 
W
hi
te
he
ad
 L
 26
J 
Re
al 
Im
ag
in
ar
y 
Re
al 
Im
ag
in
ar
y 
0.
25
 
o~ 
00
 
-
0.
15
72
 
0.
01
24
 
-
0.
15
72
 
0.
01
24
 
0.
25
 
00
 
45
° 
0.
76
52
 
0.
02
47
 
0.
76
52
 
0.
02
47
 
0.
25
 
00
 
-
45
° 
-
1.
23
48
 
0.
02
47
 
-
1.
23
48
 
0.
02
47
 
0.
25
 
30
° 
00
 
-
0.
56
11
 
0.
 2
29
6 
-
0.
56
12
 
0.
13
28
 
0.
25
 
30
° 
45
° 
0.
13
35
 
-
0.
24
62
 
0.
13
35
 
-
0.
29
80
 
0.
25
 
30
° 
-
45
° 
-
1.
35
72
 
0.
92
47
 
-
l.
 35
72
 
0.
20
26
 
0.
 5
0 
00
 
00
 
-
0.
31
73
 
0.
01
26
 
-
0.
31
44
 
0.
02
47
 
0.
50
 
00
 
45
° 
3.
52
46
 
0.
02
52
 
1.
53
04
 
0.
04
94
 
0.
50
 
00
 
-
45
° 
-
4.
47
55
 
0.
02
52
 
-
2.
46
96
 
0.
04
94
 
0.
50
 
30
° 
00
 
-
1.
98
12
 
1 .
 
02
76
 
-
1.
12
23
 
0.
26
56
 
0.
50
 
30
° 
45
° 
0.
91
12
 
-
0.
83
21
 
0.
26
69
 
-
0.
 5
96
0 
0.
50
 
30
° 
-
45
° 
-
5.
07
93
 
3.
75
63
 
-
2.
71
44
 
0.
40
52
 
t-
' 
\)
'\
 
\.>-
> 
154 
in inches and the relative flow velocity in inches per second. These 
variables are real numbers and must be separa t ed by commas. Upon receiving 
the above data, the computer prin t s ano t her request f or dat a, followed by 
a question mar k. The data required are the excitation frequency in radia ns 
per second, the excitation circumferential wave l ength in inches, the angle 
between the relative velocity and the axial direction in radians and the 
bl ade speed in inches per second. 
and must be separated by commas. 
Again the variables must be real numbe rs 
The data is reprinted by the computer as 
a check . Since the analysis takes different forms for turbine and com-
pressor stages, the next request for data determines which of the two forms 
the program will follow. Following the prompt character, the user enters 
11 111 for a turbine stage analysis and 11 2" for a compressor stage analysis. The 
output consists of the real and imaginary components of the unsteady lift 
coefficient and the magnitude of the unsteady lift coefficient .. Foll ovii ng 
the res ults, the program off ers the opti on of chanqing t he data . To demon-
st r ate this procedure, a sampl e run usi ng t he followin g dat a is qi ven. 
Stagger angle (rad.) 
Blade pitch (in.) 
Blade chord (in.) 
Relative veloci ty (ips ) 
= 0.0 
= 1. 0 
= 4.0 
= 10, 000.0 
Excitation wavelength (rad) = 0. 05 
sec 
Excitation wavelength (in.)= 15916.0 
Relative flow angle (rad . ) = 0.0, -0 . 7854 
Blade speed (ips) = 795.80 
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8. 4.2 Program Listing 
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9. COMMENTS ON THE COMPUTER PROGRAMS FOR NON STEADY FORCE CALCULATIONS 
9. 1 General 
The computer programs curre :;.tly i'.1 the pra gram library are li s t ed in t able 9. 
The exis t i ng programs ha ve been veri fied by campari r:g the res ul t s with sample 
result s given by the authors. The verificatb n is limited by the fact that , 
with the exception of the Kemp-Sears program, no camparison a f theore tical 
results with experimental data was made. This is due in part to the diff i -
culties involved i n acquiring sufficient experimental data on turbine s tage 
excitat i on i n the open literature . Results obtained from the compute r pro -
grams described in Sections 7 and 8 should therefore be used with great 
caution until correlation with experimental data is achieved. 
I n the remai nder of this section the limitat i ons 0 f the programs currently 
i n the library are discussed a r.d suggestia ns are given for further develop -
ment and expansion of the program library. Finally, a procedure is give n 
f or selecting a suitable program based on the physical parameters of the 
system to be modeled . 
9.2 Compressibility Effects 
All of the programs described in sections 7 and 8 are based on incompress-
ible flow theory. Goslelow [81] has reviewed existing theories based on 
incompressible flow. Of these, the analysis by Osborne [4] appears to be 
the most comprehensive for subsonic flow: See Section 5.2. Miles [36] has 
given an analysis for compressible supersonic flow. Results obtained by 
both authors show significant variations in the unsteady loading on the 
blades with varying Mach numbers . Since the Osborne analysis is similar 
to the Kemp-Sears analysis, many segments of the Kemp-Sears program can be 
directly incorporated into a program based on the Osborne analysis. This 
would result in a significant decrease in the time required to debug the 
program. A particular example is the Bessel function subroutine package 
associated with the Kemp -Sears program . Approximately 25 percent of the 
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TABLE 9. List of Programs in Current Program Library. 
Analysis Reference Program 
Number Identification 
Kemp - Sears [2],[3] LERAO 
Henderson - Horlock [33] HENHOR 
Horl ock - Gre.i tzer -
Henderson [35] HGH 
~J. h i t e he ad [26] WHIT 
~o 
development and debug time associated with the Kemp-Sears program was spent 
in formulating and debugging subroutine CBESJ for calculating Bessel 
functions of the first kind of order n with complex arguments and sub-
routine BEJI M for calculating Bessel functions of the second kind of 
order n with negative real arguments . These subroutines are now fully 
operational and may be directly incorporated into future programs . 
9.3 Interaction Effects Between Adjacent Blades 
Each of the programs in the library are based on the assumption that 
adjacent blades vibrate nearly in phase. This is a simplifying assumption 
which allows the unsteady motion of adjacent blades and the related in-
duced unsteady flow to be neglected in the calculation of the unsteady 
forces on a blade. No studies published in the open literature have 
been made to determine the magnitude of the unsteady loads on blades due 
to the unsteady motion of adjacent blades . 
Another implication of this assumption is that the blades are free standing 
with no mechanical coupling such as tie wires or shrouds between blades. 
Since many LP turbine blade rows consist of groups of blades connected by 
tie wires and shrouds, the programmed analyses are perhaps over si mplified 
for these applications . Reformulation of the analyses to include possible 
mechanical coupling between blades may be required. 
9.4 Velocity Defect Definition 
The Kemp-Sears program is the only program which calculates the velocity 
field downstream of the stator cascade. All other programs require this 
velocity field to be input as data . The unsteady force values obtained by 
the Ke mp-Sears analyses are therefore limited in accuracy by the accuracy of 
the calculated velocity field parameters. As shown in Section 12.5, the 
magnitude of the velocity defect in the viscous wakes calculated by the 
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Kemp-Sears program are significantly greater than those measured in test 
cascades. The reformulation of the Kemp-Sears analysis using the analytical 
model of the wake downstream of a stator blade given by Raj and 
Lakshminarayana [56] would be straightforward and could improve the accuracy 
of the results given by the Kemp-Sears analysis. Comments similar to 
those above also apply to the Osborne analysis . The actuator disk analyses 
all require the velocity field to be defined as input data. Since these 
analyses are valid only for low per- rev excitation this is not a severe 
d iff i cu lty. 
9.5 Further Development of Program Library 
Several analyses described in the previous sections wou .ld be valuable 
additions to the existing library of computer programs. As mentioned 
previously , a program based on the analysis by Osborne [4] would allow 
calculation of the unsteady forces on blades for Mach numbers up to 
approximately 0.8, with compressibility effects included. Such a program 
NOuld be ideally suited for studies of low solidity . LP turbine stages if 
the modifications in the viscous wake calculation procedure discussed above 
~re made. A program based on the modified Whitehead analysis [27], described 
in Section 4. 3, would be much more flexible than the existing actuator disk 
)rograms in that a wider range of per-rev excitations could be studied . A 
Jrogram of this type, together with the modified version of the Kemp-Sears 
)rogram, could determine the unsteady forces on a blade due to excitations 
1arying from one-per-rev up to several times nozzle passing frequency for 
;ubsonic, incompressible flow. The programs based on the analyses of 
1enderson, Greitzer and Horlock [35], and the original Whitehead actuator 
iisk analysis [26] would be replaced by the modified actuator disk program. 
Jnsteadying forces on thin blades of any camber in subsonic incompressible 
=1ow could be calculated using a program based on the analysis of Mukhopadhyay 
:rnJ: See Section 3. 7. 
·he addition of these programs to the existing library of programs 1Nould 
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result in a comprehensive library based on state-of-the-art theories for 
the calculation of unsteady forces on turbomachine blades under subsonic 
flow conditions. 
9 .6 Selectio~ J f a Suitable Ar-alysis 
The primary consideratiJn i n selecting the appropriate a nalysis is the type 
of excitation t o be modeled. At present excitation due t o an upstream r ow 
of stators can only be modeled by the Kemp -Sears program (LERAO ) . 
Per-rev excitation due t o relatively few upstream obstructions can be m~deled 
by either of three actuator disk analyses. I n general, f or closely spaced 
blades and typically five or less obstructions upstream, either the Herlock , 
Greitzer and Henderson program ( HGH ) or the T~Thitenead program (WHIT ) may be 
applied. The Henderson -Horlock (HENHO R) urogyam should be applied t o the 
i ~termediate cases, i .e. more than five upstream obstructions typically . 
Note that thi s analysis is the only one in the library which allows cambered 
blades to be modeled . 
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10. THE HYDRAULIC ANALOGY 
10.l General 
The hydraulic analogy as applied in this thesis is based on the 
mathematical similarity between the equations gove~ning the two-
dimensional, isentropic flow of a compressible, perfect gas with 
a specific heat ratio equal to two, and the equations governing 
the two-dimensional, isentropic, free surface flow of water over 
a horizontal surface. The analogous relationships between the 
two flows are defined in section 10.2. 
10. l. l Development of the Hydraulic Analogy 
The qualitative similarity between water waves in a river near 
bridge piers and gas ·waves near similar blunt bodies was noted 
and published by Mach [57] in 1887. Jouget [58] derived the 
fundamental mathematica] relationships of the analogy in 1920. 
Riabouchinsky [59] further developed the mathematical theory 
of the analogy in 1932 to supplement an experimental investi-
gation of choking in supersonic diffusers. Several years 
later Binnie and Hooker [60] applied the analogy to study super-
sonic nozzle flow. Ippen and Knapp [61], crediting von Karman, 
applied the analogy "in reverse" by using aerodynamic methods 
to describe supercritical water flow. Von Karman [62] sub-
sequently developed the mathematics of the analogy in great 
detail to highlight its application to studies of both aero-
dynamic and hydraulic phenomena. Further development of the 
theory of the hydraulic analogy 1tlith considerations of the 
primary assumptions have been given by Loh [63], Bryant [64], 
Thompson [65], Harleman and Ippen [66], Breugelmans [67], 
Johnson [68], Rieger[69] and Laitone [70]. Bibliographies 
giving 250 individual references have been prepared by Hoyt [71] 
~4 
and Bryant [72] . A bibliography of papers reviewed by the 
author is given in Appendix II of this thesis. 
10.l .2 Studies of Flow in Turbomachines by t he Hydraulic Analogy. 
One of the earliest investigations of flow in a turbine stage 
was published by Preiswerk [73] in 1942. Included were still 
photographs of subsonic, low supersonic, and high supersonic flows 
through a stationary cascade. For twenty years, the stationary 
cascade represented the state-of-the-art for hydraulic analogy 
studies of flow in turbines and compressors. Results from 
several investigations of this type have been compared to cascade 
wind tunnel test results with good correlation being observed: 
see Hoyt [71]. Harleman and Ippen [66] conducted an investiga-
tion to determine the quantitative accuracy of the hydraulic 
analogy for transonic flow conditions. Several wedge profiles 
were towed through a one inch deep water tank at speeds which 
modeled Mach numbers from 0.8 to 1.09. The ratio of the local 
pressure to the critical pressure (at M=l.O) was determined at 
several locations along the chord . Figure 37 shows results 
obtained for a cusped wedge profile and a 20° wedge profile . 
Good agreement with the theory is obtained over most of the 
cusped wedge (maximum error 11 %) , though agreement is not so 
good for the 20° wedge (maximum error 27 %) . The authors attri-
bute this large error to the large vertical accelerations pro-
duced by the lead edge of the profile, which (locally) violate 
a primary assumption of the analogy. 
More recent studies have used both stationary blades and moving 
blades to more accurately model the fluid-structure interaction 
in a turbine stage. Heen and Mann [74] studied flow in a partial 
admission turbine stage using a track and carriage apparatus: 
figure 38. The water depth was measured al ong a blade passage. 
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A theoretical depth at each position was obtained from one-
dimensional water flow theory. Typical results plotted against 
theoretical values are shown in figure 39. Johnson [68] has 
described a two stage axial flow compressor study made at the 
General Electric Research Laboratory. The model employed two 
rows of rotor blades which moved relative to adjacent stator 
rows . The apparatus was used to study off-design conditions 
as well as the effects of varying rotor and stator angles and 
spacings. Slow-motion moving pictures were taken during test-
ing . Johnson has commented: 
11 Although much of the information obtained was qualitative , 
it has contributed to the understanding of many flow 
details that make up the gross· performance of machines, 
and, would not be possible to obtain in prototype testing. 11 
Similar tests have been performed on turbine stages using a 
similar apparatus. · Rhomberg [75] has presented a paper which 
demonstrates · the compatability of qualitative results obtained 
from a water table model and those obtained from a rotating 
transonic air cascade. -Shadowgraphs of the flow downstream of 
a transonic air cascade are shown in figure 40(a). The dark lines 
are shock waves . Figure 40(b) is a photograph of the water flow 
pattern in the same region of the analogous hydraulic cascade. 
Good correlation exists in the location of the shock waves 
obtained by each method. 
Owczarek [76] investigated a periodic wave phenomenon occurring 
from stage interactions between turbine blades and stators. This 
phenomenon occurs when a pressure wave is generated on the lead-
ing edge of the rotor blades . From a theoretical analysis Owczarek 
concluded that a particular speed range may exist in which this 
phenomenon could occur depending on: 
(i) the ratio of the number of nozzles to the number of blades. 
(ii) the axial distance between the trail edge of the nozzles 
and the lead edge of the blades. 
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CA) AIR FLOW DOWNSTREAM OF TRANSONIC CASCADE, 
r·-- --
~• • • < • . . . ' ..... : _ ~-~· " 
. .J.. 
-.  ._ '~ }'~~t:: . '"" 
. ... . '!'; ..-:- .. 
· · ~- .,.,-:<~~\_ .:·l - ~. ..... -..-
-· ~--
CB) WATER FLOW DOWNSTREAM OF TRANSONIC CASCADE. 
FIGURE40. COMPARISON OF AIR AND WATER FLOW PATTERNS DOWNSTREAM 
OF A TRANSONIC CASCADE. [57J 
( i i i ) 
(iv) 
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the angle and shape of the nozzle. 
the Mach number of the nozzle exit flow. 
Owczarek constructed a rotating radial inflow water table 
model of a suitable configuration for this phenomenon, 
according to theory . Photographs were taken of the flow 
between the stator and rotor which showed waves (analogous 
to gas shocks) which propagated as predicted by theory. 
10.2 Theory of the Hydraulic Analogy. 
As stated previously, the hydraulic analogy as used in this 
thesis is based on the mathematical similarity between the 
equations of motion for the two-dimensional, isentropic flow 
of a compressible, perfect gas and the equations of motion for 
the two-dimensional, isentropic, free surface flow of water 
over a horizontal surface. Loh has sumnarized the analogous 
expression for one-dimensional steady flow [77], one-dimen -
sional unsteady flow [63] and two-dimensional steady flow 
[63]. The expression for two-dimensional unsteady flow in 
cylindrical coordinates has been given by Rieger [69]. Since 
the analogous relationships obtained fo r the unsteady flow 
case are identical to those obtained for the steady flow case, 
the two- dimensional steady flow equations given by Loh [63] 
will be discussed here . 
10.2. l Equations of Motion 
Consider the two- dimensional gas flow field pictured in figure 4l(a ) . 
At some initial reference position (x
0
, y
0
) the pressure p
0
, 
density p and temperature T are given. At a second point (x, y) in 
0 0 
the flow field the velocity in the x-direction u, the velocity in 
they-direction v, the pressure p, the density ~ and the temperature 
u p,p,T 
171 
(xo,yo) 
·--po,po,To - -·-
-~·­vf ( x ,y) -----·- -- - - - -
a) Two dimensional gas flow field 
-· 
u h 
-~ j (X,y )- - - - - - • - - - - - - -
b) Two dimensional water flow field 
,. 
- - -
Figure 41. Analogous Two - Dimensional Gas and vJater Flow Fields. 
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T are known . The continuity equation for these t wo positions 
may then be written . 
where 
:: /°56 
and 
In the above 1 is an arbitrary cha rac teristic length and a is the 
0 
local sonic velocity. 
A similar expression is obtained for the two-dimensional water flow 
field shown in figure 4l(b). 
-· 
where 
) ) ) 
and 
- 'X; x ::. lj_ ) 
In the above h denotes the local water depth and c is the local 
0 
gravity 1i11ave propagation velocity. 
The momentum equations in the x and y directions for the gas flow 
are 
x-direction \ -1_-P 
( I0.1') 
~ -
- ( ~ 'r_ ""' y-direction 1;- ~ .-:.J ·J ) 
...) 
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\ 
t - \ 
where y is the specific heat ratio of t he gas and 
Similar expressions are obtained for the water flow f ield. 
x-direction 
y-direction 
The energy equation for the gas flow is 
and for the water· flow is 
10.2.2 Analogous Relationships. 
(10.4) 
(10.5) 
(10.6) 
Comparing the continuity expressions, (10. 1) and (10.2) and assuming 
that the sonic velocity in the gas is proportional to the wave velocity 
in the water i.e. 
j "'R---1 Q ',,.; I 
....: 
c( (10.7) 
yields the following analogous relationship between the gas density 
ratio and t he water depth ratio. 
174 
p =- ~ (10.8) 
or 
Comparing the energy equations (10.5) and (10.6) yields the 
following relationship between the gas temperature ratio and the 
water depth ratio. 
-I - ~ (10.9) 
or \'/.I 
l \ 0 
From a comparison of the momentum equations (10.3) and (10 .4), the 
following relationship between the gas pressure ratio and the water 
depth ratio is obtained. 
I 
0-l 
'r\ a 
(10.10) 
In order to satisfy this condition, the specific heat ratio of the 
gas y must be equal to 2.0 so that 
(10.11) 
175 
Since no naturally occurring gas has a specific heat ratio of two, 
it is necessary to appl y a correction factor when model i ng gas flow 
by the hydraulic analogy. Several correction factors are discussed 
in section 10.4. The above analogous relationshi ps are summarized 
in table 10. 
10.3 Assumptions of the Hydraulic Analogy. 
The 
in 
in 
major and 
table 11. 
table 12. 
implied assumptions of the hydraulic analogy are given 
Comments by major authors on the assumptions are given 
Of the nine major assumptions the four discussed below 
appear to be of pri mary importance in determining the quantitati ve 
accuracy of the hydraulic analogy. 
Isentropic flow of a gas implies shock-free flow. In water flow, the 
phenomena which is analogous to a shock i s the hydraulic jump. Shocks 
frequently occur in many turbomachine sta ges i.e. in the nozzle th roats 
of axial flow steam turbines. Shocks occur with equal frequency in 
water table models of turbomachine stages. Many authors [74] [66] [78] 
[79] [80] have concluded that for weak shocks, the entropy increase i s 
small enough that it need not be considered a violation of the analogy. 
Gilmore, et~ [79] have established a depth ratio across the shock 
of two as the maximum allowed for this assumption to remain valid. 
Another implication of isentropic flow is that no viscous effects may 
occur. Thus no boundary layers in either the gas or water flow are 
included in the analogy. The flow of any real liquid .must violate 
the assumption of zero boundary layer thickness. In the case of flow 
past a stationary model, there are two boundary layers whic h must be 
considered: ( i) the bottom boundary layer, and (ii) the boundary 
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TABLE 11. Assumptions of the Hydraulic Analogy. 
MAJOR ASSUMPTIONS 
1. Ideal liquid 
2. Perfect gas 
3. Isentropic gas and water 
flows 
4. Two dimensional gas and 
water flows 
5. Small unsteady velocity 
perturbations 
6. Stationary coordinates 
7. Kinematic similarity between 
gas and water flows 
8. Negligible surface tension 
9. Specific heat ratio of gas: 
y = 2.0 
IMPLIED ASSUMPTIONS 
a) Incompressible fluid 
a) Density is a function of 
pressure and temperature 
only. 
b) Speed of sound: a = / gYRT 
a) Shock free flows 
b) Inviscid flows ( no viscous 
wakes or boundary layer) 
c) Irrotational flows 
d) No flow separation 
a) Uniform flow through water 
depth 
a) Wave QI_Q_pagation velocity: 
c = rgn 
b) No meniscus 
Table 12. 
i\J:.nns, D. ~I. 
Gil.more, F. R. ~· 
8.Arl=ana, o. 
and 
lpp e n, A. T. 
Been, H. )( . 
and 
Hann, R. 
"· 
Klein, ... J. 
Laitone, E. V. 
and 
Niel3ea, H. 
a. 
Sze)ehcly, V. G. 
and 
'.lh1ciler, L. !'. 
3ryaat, R. A. A. 
Bryant, R. A. A. 
L.aitone, i:. V, 
Loh, '.l. H. T. 
Loh, "· ~. r. 
Stahler, A. ? • 
Conclusions 
F • 
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Review of Comments Concerninq Assumptions and Conditions 
of Hydraulic Analogy. 
Inv i!I.: IJ l.'.1 t,• r 1:t,,.., 
~1]•'r J ,·r r ln,.•11t .d ··I 1· ,·,· t ,,f 
vls.:vslcy ,,( ".it,· r (,.. t li .: 
bound .ir y l.i ycr. R0 yno lJs 
numb"r ~ lrul l.H Icy l ~ 
impossible. 
No comment 
No comce nt 
A!uumed tr ue 
Dec r 1.me n ta l to 
exper1::encat1on. 
No co=enc 
.•; • ., .. I l ;·,I h l t.! '-' I ( <' \' C :< f fl r 
'-:\', I~ ~ll\lt ' k!», 
N~~ligible ef(t!cts for ..,cak 
a hocks. 
Segliglble ef feccs for "eslc. 
shock!!. Sc rang shocks result 
In a n ty dc• ns It v r~ c l o be Ing 
analogous co ..,e1 gh c ra c 1o. 
Negligible effects f o r ·•ealc 
shocks. St r ong 3hocks result 
in only denslcy ratio be lng 
analogous co ht! ig h t rat lo. 
Nt!gl iglble effects 
shoclts. 
No col!llllcnc 
Shocks ex15ted in 
eJC}:>erimenc. 
for W'ealc. 
Bue t 11 m t..'"""l.1 r v l11y.:r cf fee t 
.:1111 bl' ndt1l 1nln:J by ~lopln;; 
cable aurf ace. 
No comrocnt 
To1o1ed "1o<lels e11mlnaced 
bottom boundary layer. 
Assumed sin.a 11 
Assumed Sela 11 
No comment 
Neglect ..,acer viscosity. Analogy breaks do'-'Tl ..,hen 
shocks occur. 
.'lo coroment 
Vo~t1c1ty do .. T.stream of bo.., No cocmenc Boundary la yer on ~odel is 
thicker t~an o n actual ;;ave has unlc.rto<.rn f !nice 
effect in ;;acer, negligible 
in gas. 
blade. This thickness can 
be accounted for in C!lodel 
s 1ze . 
Vvrc1c1ty is permissible and No comroent 
analogous. 
No comment 
Neglect frictional drag on 
bottom of table. 
Assumed true 
Allsumed c rue 
A.saumed true 
!'lo Rc 1n11}d ,, nurn he r 'tlOdl'lln~ 
ls ;inislblc. 8•,. ,n.J.i ry' :.1yc• r 
tffect11 are ali;nlf!c.1nc. 
'forticlcy =Y be nnalol'\ou11. 
Asswne veak s ho cks ..,1th Valld if friction is 
negligib l e entr o py increase. ne~lecced. 
Isentrop 1c flow assumed. Assumed c rue since 
fricti onless flov is 
assumed. 
raentrop1c flo1o1 aeau:ned. 
No c=ent 
l.J ~· nk shndc.H \J{tlt 
n<'l '. 1 IJ',ll il .. •.'"llrtJrY lncrcnRe 
c.in Li e il11.1 logo u~. 
h l i h2 ~ z.o. 
As su med u·ue If · 
frictionless fl o.., is 
&SSu.'.lled. 
Assumed :rue 1f 
{riccion lesa f~o.., ls 
assumed. 
C.1n be :> lnlm lzi:d by mcthodH 
-' •"•crlb<'d al.Jove. 
Uni ! on:a Flo,. th 
Fo r ~h . il lo .., u~l'tlii 
Ii < l. 0 tn ), i• r~. 
corresponds to?:: 
vcrt !cal velocity 
No cotnmenc 
To..,ed aiodel' (no nil't 
Assumed s1nceh< 1.o 
No coa:cenc 
To..,ed model, (no flOll 
Assuoed true 
Suggests coved ;ode 
A.s s uaie d if rec cangu 1 
cross section. 
True, if vertical 
accelerations are 
negligib l e. 
Assumed true 
No co=ent 
So coa:cent 
for a range of dcP~· 
cf'nt<'rcd around l· 
the aH urup tlOll 1' , 
opproxl rn.it elY cfll • 
Table 12. (con't) 
Potential Fluw No Flow Separation 
, comme nt No cumment 
·0 cOCllllent No comment 
10 comment No comment 
lo coamenc: No co=enc 
lo comment No comment 
lo co!llllle n c: No comment 
~o comm.mt No coamien t 
'.lo co111t11e n t No comment 
~o cocament No comment 
No COllllDent No comment 
No comment No coaneot 
No comment No c=ent 
AttWHd true No comment 
Aaawned ln analysis. Must be assumed. 
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T>Jo-dimcnsion~ l Flow 
Vcrt!.- .tl vc·l.ic• l tl <'!i .1nJ 
11ccc• Le rat ~ u n::t .1r u H•u..dl (o r 
~m;ill t ;1hlc 1rnrfaca sl ope t 
and h < LO in. 
No comment 
h • 1.0 in . resulted in 
small vertical velocity for 
f loliing water. 
Assumed true 
(h < 1.0 in.) 
Assw:ied tr ue 
To..,ed model 
Assumed true 
Assumed true 
Assumed true 
Assumed true 
One-dimension.al analysis. 
Assumed true 
Radial outflo"' over 
horizontal aur!ace. 
Tr ue, if dcpch \.q l.u~c 
compnreJ co ho undnry lnye r 
thiclc.nees. 
Nq;ll~lhlc 
~crtical Accclcraclon 
V1· rt i .: :ll .1..: 1· l' l1 ·r.1tlon>1 ..ire 
~mall Lo r !lin.tll ><l op e!! u( 
cnblc ~ur f nc~ nnd 
h < l. 0 in . 
No comment 
h • 1.0 i~ . resulted in 
sm.al l vertical 
acceleration. 
Assumed true, 
h < 1. 0 in. 
Assumed true 
A.ssumed true 
Assu:ned true 
Assumed true 
Assumed true 
Assumed true 
Assumed true 
No coo:ment 
So comment 
Tr ue, fo r R"'-111 s l o pe .~ o f 
c.1bl e sur fA<'. e, 
\J.1v ... · sr,·l·d (.: • ;~·h· .s t) '-T) 
~on - :1n11 l0~ ~011A '-' . lVC"~ c:1n 
rc Ju..:,·J by rcJu.:tivn u l 
~ur(11ce cenaion. 
AssWIW!d i:rue. Surface 
tension reduction impro' 
vave form: 
So cocmnent 
Assumed true, 
h • 0.375 in. 
Error assumed, but no 
discussion . 
'.Ja ter depth 0. 25 in. 
Assu..ce no capillary 
waves. 
Assumed true f o r small 
depth as comp a red to 
wavelength. 
Differences in speed o ! 
..rave propagai:ion are ol 
little consequence if 
transonic similarity la·. 
are used. 
:-lo commen t 
True, 1f vertical 
accelerations are 
negligi bl e, ar:d if 
·.1aveleng i: h is cuch 
greac:er than depth. 
Assumed true 
Assumed true 
A.aaumed true 
R~duct!on of 8urfsce 
tcnq i o n and proper 
selecti o n o( de pth can 
minimize error. 
Table 12. (can't) 
Sm.all Ut1!1CCl\Jy 
No Hcnlscu• Vdc>r lcy 
P..:rcur h.1t l u ns 
:co ting on :nodel can !'lo comm.:n t 
reduce meniscus. 
No comment No Catametlt 
No comment No c oanen t 
So comment No co=ent 
:lo co=ent So comment 
So comment Small per~urbacion theocy 
verified. 
So comment Assumed steady !low. 
No col!II!le n t: No commea t 
No comment So comment 
No comment No coaimeat 
No comment No com:nent 
So comment No cou:aent 
No co=ent No cOllD!lent 
."lodel surf.ice c an be treo:cd Assut:le<l ln analysis . 
to reduce ~eniscu a. 
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lnc omprt• >111 lblc 
11.:ic,• r F L,,.., 
~ a s!'lump t lon 
~ .usump tion 
~ assumption 
~ asaWllpt:ion 
a ?r-i o ri assumption 
a prior-1. assumptio n 
a pri o ri assumption 
~ assumption 
~ assumption 
~ asswipt~oa 
~assumption 
ii •1rior l a!'lsuai pt ion 
Kincmutlc Simi l arit:y 
o f 
G.1!'1 .ind W.Hcr Flo" 
~_El assump c lon 
~ asaumptioci 
a oriori asslllllption 
a priori ass=ption 
~ assw::iption 
~ assump tion 
~ at'Sull'pti on 
~ assui:ipcion 
a prior i assumption 
~ assu:npcioa 
~assumption 
~ assumption 
~ assumpti on 
~---j' r !o ri assu::ipUon 
Stnttonar 
Co orulnet,: 
No coau:icnt 
So C:01Dl!leat 
No COID:lleat 
No co=ent 
~l o COQIDent 
No collllllen t 
No comment 
So c0111111eat 
No comment 
No commen t 
No co=ent 
Table 12. 
Perfect Cai 
Asaumed true for air. 
Aa1umed crue for air. 
.uaumed true for gaa. 
.uaumed true 
(con 1 t) 
Can be ns~um~J Lf r .,Ji.:il 
velocities and velocity 
gradienca are small. 
~ asaumpt1on 
Aaa1J111ed true 
Aaau.ced true 
AJ1su111ed true for air. a priori. assumption 
Ass umed true ~ assumption 
lmpl ied , since the pressure Assumed true 
is assumed a given function 
of density. 
Aaaumed true A..ssumed true 
A5aumed true Assumed true 
A.&aumed true Assumed true• 
Aaeumed true Ooe-dimeosiooal analysis. 
Aa1umed true .Yeumed true 
No comment No C011meot 
As1umed 1n aruilysis. Can be assumed 1 [ r., <l 1.:i l 
velocity and r .1d1 nl 
velocity gradient are 
1111411. 
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Irrotnc!cin11l 
C:.111 F'\ ow Shock Frco Gas flov 
( lnvii<c 1J Fln1o1) 
f" 'r L1r~~ fk yt lll lt.ls :nunb~r:< Sqd l1 ~l \.Jl ..: effects !or 1Je11k 
ln i;a s ..1 nJ ·•:i ter flow , s hoe ks . 
slm1lnr1ty ls not Impor tant, 
viscous effects nrc 
~p~roximntely analogous, 
No comment 
Isentropic gaa f lov 
assumed. 
Iseotropic floY assumed. 
Negligible effects for weak 
shocks. 
Negligible effects for weak 
ahocu. 
Negligible effects for weak 
shoclls. 
!sen tropic Elov assumed. Negligible effects for 1Jeak 
shocks. 
No comment No comment 
Assumed true Anal og y b r eaks do1JT1 when 
shoclr.s occur. 
Vorticity do'Jflstrea.:n o f bow No coCIDeot 
wave has negligible effect. 
lsentropic flow 11\ .vical No comment 
for analogy to hold. 
lsentropic flow implied. Assume weak s hock s with 
negligible entropy 
increase. 
Assumed true Isentropic flow assumed. 
Assumed true lsentropic flow assumed. 
A.!aumed true !lo comment 
r o r very liL;h rl eynnlds 
n umb •· r, viscous effects a rc 
a~proxlllately anal ogous. 
Y~ak s hoc ks can be 
Jn., lo i;ous. 
Speci(1c Heat 
RA ti 0 : y • 2. 0 
CJ n be adjusted using 
correction factors . 
No correction attempl 
Adjusted by use of 
correction !accora. 
5111411 errors will re' 
Adjusted by use of 
co rrection fact ors . 
No correction factor 
used. 
Chann e l shape varied 
to account f ~r y ~ 
Can be adjusted usir 
correction factors. 
No correction preser 
No c o rrection preser 
Channel shape varie< 
account for y ~ 2.0 
Channel shape varie· 
account for y ~ 2.0 
Assumed y • 2.0. 
correction actempt e 
Ca n be accounted fo 
use o f correction 
factors. 
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layer around the model . The low speed boundary layer around the 
model wil l not behave as the high speed boundary layer of the gas 
flow. The bottom boundary layer has no analogous counterpart in 
the gas flow. It must be concluded that boundary layer effects are 
sources of inaccuracy and must be considered in modeling . Adams , 
[78] has suggested that the growth of the bottom boundary layer be 
measured and an opposite slope be incorporated on the table surface. 
The result would be an apparent horizontal surface. Bryant [81] has 
presented an analytical method for incorporating the boundary layer 
thickness along the model into the scaling factor. The resulting 
water table model is scaled accordingly. Bryant also suggests the 
use of towed models through stationary wate r to eliminate the bottom 
boundai-·y layer. Another effect of viscosity is viscous wakes. As 
shown in section 6, these wakes can be a major contribution to the 
total unsteady loading on a blade. Adams [78] states that viscous 
effects in the water flow field can be approximately analogous to 
those in the gas flow field, only if the following conditions 
exist: (i) geometric similarity of the gas and water table models; 
(ii) surface roughness similarity; (iii) dynamic similarity of the 
gas and water flows . It is noted that Reynolds number simulation is 
difficult to achieve without extreme measures such as heating the 
water or injecting additional water at some point in the flow field. 
If , however, the Reynolds numbers of the gas and water flow are 
sufficiently large, frictional effects are small and the need for 
similarity is reduced. 
The ass umptio n of two-dimensional water flow requires that the 
velocity be constant throughout the water depth. Adams [78] has 
concluded that for depths of one inch or less the flow through the 
depth is uniform . This is coupled with the small table surface slope , 
which is equal and opposite to the ra t e of boundary layer growth. 
Harleman and Ippen [66] and Laitone ar.d Nielsen [82] have concluded 
that a towed model is desirable since this requirement is exactly 
satisfied. Harleman and Ippen also concluded that for flow past a 
stationary model this assumption is valid if the water depth is one 
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inch or less. ~·licks [83] has measured the velocity at several 
vertical positions in water 0.55 inches deep. The difference 
between the maximum velocity (0. 1 inches f rom the surface of the 
water) and the minimum velocity ( 0.1 inches from the water table 
surface) was less t han 5%. 
Surface tension effects may create severe inaccuracies in analogous 
flow conditions. The hydraulic analogy requires that the propaga-
tion speed of water waves be a function of depth only so that this 
speed is proportional to the local speed of sound in the gas flow. 
The surface tension of a liquid is responsible for the formation 
of capillary waves which propagate at a different speed changing the 
wave propagation velocity to a group velocity which is a combina-
tion of the two wave forms. This group velocity is given by the 
foll owing expression. 
? 
c:_- = + (10.12) 
where S is the surface tension and ~ is the wavelength of the surface 
tension waves . 
Adams [78] and Gilmore, ~ ~ [79] have concluded that surface 
tension reduction by the addition of a detergent improves the 
accuracy of the hydraulic analogy by decreasing the capillary wave 
amplitude. Heen and Mann [74] and Laitone and Nielsen [82] have 
concluded that pure water satisfies th i s requirement if the depth is 
sufficiently small (e.g . , h::::0.25 inches). Szebehely and Whicker [84] 
and Laitone [70] have further clarified this by showing that the 
assumption i s sat i sf ied if the depth is small compared to t he wave-
length . Bryant [81 ] has stated t hat, for t ransonic f low, differences 
in wave propagation speed are negli gible if the transonic si mi l arity 
laws are applied to modify the water flow parameters. 
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Another surface tension effect is the meniscus, which has no analogous 
phenomenon in the gas flow. The meniscus makes depth measurements 
difficult and causes nonuniform wetting of the models. Surface tension 
reduction serves to decrease the meniscus as well as minimizing capillary 
wave amplitudes. 
The requirement that the specific heat ratio of the gas must be equal to 
two is of primary concern to many authors. Heen and Mann [74] however, 
concluded that the errors resulting from the violation of this assumption 
are small, with little effect on the quantitative accuracy of the analogy . 
It should be noted that this is a miniority opinion . It is common practice 
to model the flow of a certain gas by another gas with a different specific 
heat ratio . Fo r example, many experimental investigations of flow in a 
steam turbine stage are made using air as the operating fluid . Similarity 
laws are used in such studies to adjust the model parameters to maintain 
similarity with the prototype conditions. The same procedures can be used 
to adjust the water table parameters. A further discussion of the correc-
tion factors used in water table studies is given in section 10 . 5. 
10 . 4 The R. I.T . Rotatinq Water Table 
A device which employs the hydraulic analogy to study gas flow 
phenomena is called a water table. Of the many water table studies 
made during the ninety-year history of the hydraulic analogy, only 
two references in the open literature describe rotating water tables. 
Owczarek [76] designed and built a water table with a blade row rotat-
ing concentrically around a stationary nozzle row. Although this was 
a pioneering effort, the small scale (17 inch diameter) precluded the 
study of many practical problems such as multi-stage operation. Meier 
[85] also studied stage flows using a rotating water table though this 
table also was of a small diameter . 
A third rotating water table of a much larger size has been developed 
at R.I.T. by Rieger and Wicks [86] . The R. I .T. water table is shown 
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in figure 42. This apparatus is capable of modeling gas flows in 
either a turbine or a compressor stage. The range of tests which 
can be performed on the water table is shown in table 13. A brief 
description of the water table and typical tests performed to date is 
given below. A more complete description is given in reference [87]. 
10.4.l Turbine Water Table. 
Figure 43 is a schematic of the water table arranged to operate in 
the turbine mode. Water flows radially outward from a central plenum-
diffuser on to the horizontal table surface and through a stationary 
nozzle row. The nozzles accelerate the flow and direct it into a 
variable speed rotating blade row. After passing through the moving 
blade row, the water flows out across the horizontal table surface 
to a fine mesh wire streen which simulates the back pressure of the 
stage. The water passes through the screen and returns to the sump 
via gutters. 
Unsteady forces on either a rotor blade or a stator blade may be 
monitored using the semiconductor strain gage load cells shown in 
figure 44. The strain gage output is amplified on board the rotor 
before passing through a multi-channel gold slip ring assembly to 
be recorded. 
10.4.2 Turbine Stage Tests . 
Non-Steady Forces from Nozzle Wakes. A single stage test was made to 
determine the excitation levels associated with a certain nozzle design 
which caused inservice failures. The stage geometry is. shown in 
figure 45. A typical force response amplitude vs. frequency spectrum 
from the moving blade strain gage output is shown in figure 46. A 
large amplitude spike exists at nozzle passing frequency (NPF). Such 
spikes represent significant forces applied harmonically to each moving 
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NUM!3ER OF: IHad~s 120 
Nozzles JS 
NO ZZLE TO B L\.DE F_U IO: ~I 
CHORD LECiCTHS: Blades 
Nozzles 
PITCH LENGTH: Blades 
Nozzles 
AXIAL SPACING: 
r 
0 .3 16 7 
2.629 in 
5.468 in . 
1. 7528 in 
1. 534· in 
0.25 in. 
Figure 45 . Single Stage Turbine Test Configuration. From Rieger and 
Crofoot [95]. 
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blades at N.P. F. Harmonics of the NPF are also clearly visible . 
Results for dimensionless non-steady force amplitude vs velocity ratio 
are shown in figure 47 . In a subsequent test, simi l ar data was ob t ained 
with certain design changes made in the prototype machine. A signif i -
cant reduction in the magnitude of the normalized force ratios was 
observed . The water table is thus able to reproduce trends in non-
steady load variations between specific turbine stage geometries. 
Transient Forces From a Partial Admission Stage. This test was 
conducted to measure the transient load variation on a moving blade 
as it passed through the flow from a nozzle arc in a partial admission 
stage . The general form of the load transient on a moving blade in an 
actual partial admission stage is known from prototype strain gage 
tests. The purpose of this test was to determine the degree to which 
the form of the water table load transient obtained res em bled that 
obtained from actual blading tests. The stage parameters and typical 
results are listed in figure 48. Similarity of the following 
features is observed on comparing the two charts : 
(a) relative slope of the inlet response . 
(b) inlet response spike magnitude. 
(c) outlet response spike magn i tude . 
(d) relative magnitude of main curve. 
Subsequent partial admission tests have demonstrated t hat t his corre-
lation is typical, and that quantitative comparison (e.g. peak/average) 
is representative of that observed in practice. 
10 . 4.3 The Compressor Mode Water Table Apparatus. 
In the compressor mode the water table is arranged for the water to 
flow in the radially inward direction as shown schematically i n 
figure 49 . The incoming flow enters a circular trough located around 
the table outer circumference and passes through a series of flow-
smoothing screens. An adjustable overflow weir controls the inlet 
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flow depth. A set head is established by adjusting the height of the 
overflow weir with respect to an inner dam. This models the ambient 
pressure. During operation, the depth increases at the inner dam 
and flow discharges due to pumping. 
The compressor rotor is mechanically driven at the required modeling 
velocity. Strain gage signals are obtained from both rotor blades 
and stator blades in the same manner as described for the turbine mode . 
10.4.4 Tests Performed in the Compressor Mode . 
To date, one test has been conducted on a compressor stage. The model 
consisted of a row of inlet guide vanes, a rotating blade row, and a 
stator row. Strain gage data was acquired for both the rotor and the 
stator blading. In addition to the usual non- steady force signals, an 
interesting non-synchronous rotating flow phenomenon was observed under 
certain flow conditions. This phenomenon appeared as several rotating 
1 cells 1 of sharply increased average water depth containing waves at 
blade passing frequency. The 'cells' were spaced at approximately 
equal intervals around the water table circumference. A strip chart 
recording of flow depth variation obtained from a stationary depth 
probe is shown in figure 50(a). The abrupt fluctuations represent 
water depth, ie. pressure, variations as the 'cells' pass the probe. 
To study velocity variations within these regions, the strip chart 
recording shoHr in figure 50(b) was made. This clearly shows that 
sudden fluctuations in tangential velocity are associated with the 
passage of the flow cells. It is fel~ that this phenomenon may have 
been rotating stall, a phenomenon common to axial compressors. Un-
fortunately, the compressor stage tested was a prototype stage and no 
aerodynamic data was available for comparison . 
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\U \ JI\~ R-1 
FIGURE 50A. STRIP CHART RECORDING OF TANGENTIAL VELOCiTY VARIATION 
AT A POINT AS 1 CELLS 1 PASS, FROM RIEGER AND CROFOOT[95J, 
I I I J I Js-l 
\_L \ \ \ ii.\~\ R-1 
~~ PROBE 
FIGURE SOB.STRIP CHART RECORDING OF DEPTH VARIATION AT A 
POINT AS 'CELLS' PASS. FROM RIEGER AND CROFFOOT [95J1 
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10.5 Modeling of Turbomachinery Stage Flow by the Hydraulic Analog~. 
The hydraulic analogy states that the two-di mensional inviscid flow of 
an ideal liquid (water) is ana logous to the two-dimensional inviscid 
flow of a perfect gas, provided that the gas has a specific heat ratio 
of y = 2.0. It is known, however, that no naturally occurring gas has 
a specific heat ratio of y = 2.0. In order to model a prototype using 
a real gas, it is first necessary to model the prototype with the imagi -
nary analog gas with y = 2.0. The hydraulic analogy then models the 
analog gas. The primary step toward accurate modeling is therefore the 
conversion of the prototype gas parameters to the analog gas parameters. 
To apply the water table hydraulic analogy to unsteady flow in turbo-
machines, the i mportant modeling parameters are flow geometry and flow 
velocity. For maximum quantitative accuracy, si milarity must be main -
tained between the prototype gas flow and the analogous water flow. Stage 
geometry for the water table model mu st therefore be scaled in proportion 
to that of the actual turbomachine. Mo re importantly, the Froude number 
of the water table flow should be equal to the Mach nu mber of the proto-
type gas flmv at every point to maintain dynamic similarity between the 
prototype gas and water flow fields. 
The geometric scaling of the water tabl e model is a straightforward 
process as the size of the model is de termined by the water table size. 
The Mach/Froude number similarity is achieved by using one of the 
correction factors described below. All of the correcti on factors are 
based on steady, one-di mensional isentropic flow theory. It is assu med, 
subject to experimental verification, that the results are applicable 
to the two-dimensional flow conditions on the water table: See section 
11. 3. 
10.5.l Mode ling Parameters . 
The exit Mach number of the converging-diverging nozzle, under steady, 
one-dimensional, isentropic flow conditions is given by: 
( 10. I 3) 
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It is obvious that two gases having different specific heat ratios 
will have different nozzle exit Mach numbers for identical pressure 
ratios. For the analog gas (y = 2.0) the nozzle exit Mach number 
is given by equation (10.14) 
(10.14) 
The nozzle exit Froude number of water flow is 
I l;.2.. 
ll > \ ', _, ) (10.15) 
The analog gas Mach number is exactly modeled by the water Froude 
number since 
Y2 
(
,_(,A '\ 
__ 1' , ) 
1~ I (10.16) 
* The critical pressure ratio (P ) in a turbomachine stage is defined 
r 
as that pressure ratio at which the nozzle exit Mach number is unity. 
Substituting M=l into equation (10. 13) yields 
( ~ 2 (10.17) 
* The critical pressure ratio of the analog gas (Pr m) is obtained by 
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substituting y = 2.0 into the above equation 
* p = 2.25 
r m 
(10.18) 
This value corresponds to the square of the critical depth ratio 
* of Hr = 1.25. 
10.5.2 The W-2 Correction Factor. 
The W-2 correction factor was devised independently by P.C. Warner 
and A. L. Wicks in 1975. The correction factor is based on the 
common practice of expressing the stage pressure ratio as a given 
percent of the critical pressure ratio. The procedure is to establish 
the same percentage for the analog gas and hence the depth ratio on 
the water table i.e. 
- "! i I 
\ f 0 (10. 19) 
This method insures that the nozzle exit Mach number of the prototype 
flow is equal to the nozzle exit Mach number of the analog gas . 
Substituting equations (10. 16) through (10. 18) into equation (10.19) 
and rearranging gives 
'I .' 
,JI '1'- \ 
\ ·.i ,-)-o' ""'3 1/-; 'n ( ~ ~ \ \ \ ' ~ 
; ::: ! 2. 2 5 ( 2 ) . \ 'P (10.20) 
Figure 51 is a comparison of the W-2 correction factor with the 
H 2 
r 
5.0 
4.0 
3.0 
I 
I 
I 
I 
/~Schorr 
201 
l.0+------...,_.--~~-------.-------..,.-------...------,-
1.0 2.0 p 3.0 4.0 
rp 
Figure 51. Comparison of the W-2 Specific Heat Ratio Correction Factor 
with those Given by Harleman and Ippen [66] and Schorr [88]. 
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correction factors proposed by Harleman and Ippen [66] (derived 
using the von Karman transonic similarity parameter) and by Schorr 
[88] for a gas of y = 1.4. Good agreement with the Schorr correct i on 
factor is observed for all pressure ratios above critical . Good 
agreement with the Harleman and Ippen correction factor is observed 
in the above critical transonic range (1 .893<P <4.00). Harleman and 
r 
Ippen suggest the use of a correction factor identical to that of 
Schorr above the transonic range so the W-2 correction factor is valid 
for all pressure ratios above critical. It is obvious from equation 
(10.20) that the W-2 correction is in error for subcritical pressure 
ratios. A prototype pressure ratio of unity (implying no flow) yields 
a depth ratio greater than unity for all y< 2.0. It is proposed that 
the W-2 correction factor be modified. The modified W-2 (MW-2 ) correction 
factor is derived by assuming a linear relationship between the sq uare 
of the depth ratio and the prototype pressure ratio in the range 
* l.O<P <Pp· For above critical pressure ratios the MW-2 correction 
rp r 
factor is identical to the W-2 correction factor. The form of the 
MW-2 correction factor is 
2 
I I -/ H1 -
I 
\ \'-
D \) ~-2 ; c-l . 2 5 1 ro i" ' Ip ......... 
t\-~ - \ 
(10.21) 
Figure 52 is a comparison of the MW-2 correction factor with the 
Schorr correction factor for a prototype gas of y = 1.4. Good 
agreement is obtained for all pressure ratios . 
10.6 Advanta ges and Disadvantages of the Hydraulic Anal ogy . 
Klein [80] concluded that 11 the hydraulic analogy has never failed t o 
reproduce qualitatively the gas dynamic features . 11 Most authors ag ree 
that this reliability of flow modeling is the greatest advantage of the 
5.0 
4.0 
3.0 
Hr 2*=2.25 
2.0 
1. 0 
# 
2.0 
203 
Schorr ~ 
/, 
h 
h 
~ 
Pr 
I 
I 
I 
I 
3.0 
I 
I 
/ 
I 
I 
I 
4.0 
Figure 52. Comparison of the MW-2 and Schorr [88] Specific Heat Ratio 
Correction Factors. 
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analogy. The range of studies undertaken to date on the RIT water 
table seeking quantitative data indicates that the early agreement 
obtained by Harleman and Ippen [66] and others on simple models may 
a1so be obtained with complex models provided that the fundamental 
requirements of the analogy are carefully maintained eg. horizontal 
surface, smooth undisturbed inflow, adequate specific heat correction, 
etc. Johnson [68] indicates that the favorable (1000:1) time dilation 
feature, and the ease with which models can be manipulated are also 
major advantages of hydraulic analogy studies. Rieger and Nowak [89] 
have added the relatively low cost of the models vs. prototypes and 
the ease of data acquisition as other advantages. 
Bomelburg [90] has stated that 11 It is by no means an easy experiment 
to run a shallow water channel in order to obtain reliable results 
as there are so many possibilities which can cuase errors in the 
results of the water analogy. 11 Bomelburg was particularly concerned 
with the problems of surface tension and surface contamination and 
his experiments were performed using kerosene as the working fluid. 
The degree of quantitative accuracy obtained in a test must be 
questioned in any simulation, especially where complexity exceeds 
previously established test results . Several factors may reduce the 
water table quantitative accuracy stemming from possible violations 
of analogy assumptions. It must be concluded though, that with adequate 
surface tension reduction, adequate geometric modeling and with the 
use of pressure ratio correction factors, the quantitative accuracy 
of measurements of unsteady loads on model turbomachine stages can be 
very good. 
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10.7 Notation 
a 
c 
Fr 
g 
h 
Hr 
M 
p 
Pr 
R -
s 
T 
u 
v 
x,y 
y 
:\ 
p 
sonic velocity in gas 
wave propagation velocity in water 
Froude number 
gravitational acce l eration 
local water depth 
depth ratio 
Mach number 
local pressure in gas 
pressure ratio 
gas contact 
surface tension 
temperature 
velocity in x direction 
velocity in y direction 
coordinate direction 
specific heat ratio 
wavelength of capilfary surface waves in water 
gas density 
2C6 
11. WATER TABLE TESTS 
11 .l Set Up Procedure for Water Table Tests of Turbine Staqes 
The blading used in water table stage tests is made from clear acrylic 
plexiglas to exact dimensions scaled from manufacturing drawings of the 
prototype blading. The nozzle blades are aligned on the water table at 
the prescribed radius, pitch and stagger using a special alignment fixture 
so that the circle defined by the nozzle blade centroids is centered pre-
cisely on the axis of rotation of the rotor. The rotor blades are aligned 
using the same fixture so that the rotor blade row and nozzle row are 
concentric. The clearance between the rotor blades and the table surface 
is set at 0.30 inches to allow free rotation of the blade row. One rotor 
blade is supported by an instrumented monitor post. The monitor post, 
shown in figure 44, has strain gages mounted in such a way as to measure 
displacements in two perpendicular directions as well as torsional dis-
placement. Typically the monitor post is aligned so as to measure 
displacements in the radial and tangential directions . The radial direc-
tion on the water table corresponds to the axial direction on an axial 
flow turbine. The required stage depth ratio is determined from the pro-
totype pressure ratio by using the MW-2 correction factor (see section 
10.6.2). The stage depth ratio is defined as the ratio of the depth of the 
inlet to the stator row (h 1) and at the rotor exit (h3): see figure 53. 
The depth at the inlet to the stator row is arbitrarily set at h1 = l. 125 in. 
typically. The required depth ratio is set by adjusting the back pressure 
screen to allow more or less water to pass through . A difficulty associated 
with this procedure is that a uniform depth is required around the circum-
ference downstream of the rotor row. Slight variations in the screens caused 
by, for instance, water contaminants can create a non -uni form depth dis-
tribution. An alternative method is to clamp a thin weir, machined to a 
uniform height, to the table surface downstream of the rotor row. The 
stator row inlet depth is then varied to achieve the correct depth ratio. 
\~hichever method is used to set the pressure ratio, the depths are checked 
frequently during testing to insure that a constant pressure ratio is 
maintained throughout the test program . The nozzle exit velocity is 
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STATOR RO~/ 
Figure 53. Definition of Stage Pressure Ratio. 
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measured with t he r otor stationary using a hot film anemometer. Values 
are typica l ly ta ken at f our measurement stat ions spaced appro ximate ly 90° 
apart around t he stator ring to insure that t he f l ow is uniform around 
the test configuration. The exit velocity of several adjacent nozzles is 
also measured at each of the measurement stati ons, to insure that t he 
effect of any assembly errors is mini mized in the exit velocities measured. 
The four values of exit velocity are then averaged to give the nozzle exit 
velocity (V ) used in calculating the stage velocity ratio. The rotor 
e 
velocity required to calculate the velocity ratio for a given test point 
is measured by timing one complete revolution of the rotor on three 
separate occasions, and averaging the results. The leading edge radius, 
r, of the rotor profile is then used to calculate the rotor speed, using 
the following equation. 
2nr 
T = 
u 
where T is the average ti me per revolution and U is the rotor speed. 
(11. 1) 
The velocity ratio is the ratio between the average nozzle exit velocity 
and the rotor speed. Typically 10 to 20 velocity ratio runs are made at 
each pressure ratio tested. During each velocity ratio run, strain gage 
data is acquired as follows. The output of the three sets of strain 
gages is amplified onboard the rotor and passed through a gold slip ring 
assembly. The amplified output of each gage is then recorded on a separate 
channel of magnetic tape by an FM tape recorder. A fourth channel is used 
to record the pulsed output of a shaft enco der mounted on t he rotor shaft. 
11 .2 Data Reduction Procedure 
The recorded strain gage data is reduced into t hree forms: (l) steady 
force, (2) non-steady force, and (3) force ratio. 
11.2.1 Steady Force 
The steady forces and torques are re presented by the calibrated DC volta ge 
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l evel s of the strain gage output. These results are obtained directly 
f rom the taped da t a using a high-pass filter with a frequency cut-off 
at 0. 1 Hz. The hi gh-pass filter uncouples t he AC voltage component 
f rom the DC component. The DC voltages f rom each of the stra i n gages are 
t he n read out on a voltmeter and plotted against the corresponding velocity 
rati o. The steady forces in the tangential and radial directions are 
denoted by F and A respectively, and the steady torque is denoted by T. 
11.2.2 Unsteady Forces 
The unsteady forces and torques are obtained by processing the taped data 
t hrough a real-time Fourier spectrum analyzer. The analyzer digitally 
samp les the recorded signal and produces a spectral plot of the amplitude 
versus fre quency. Amplitudes of the non-s t eady forces and torques for 
any given frequency of interest can then be obtained from the spectral plot. 
The fr eque ncies of interest in turbine studies are typically the nozz l e 
pas sing fequency (NPF) and its harmonics. The magnitude of the unsteady 
forces and torques is obtained from the spectral plot and is pl otted against 
the corresponding velocity ratio. The unsteady forces in the tangential and 
rad ial directions are denoted by LF and QA respectively, and the unsteady 
torque is de1cted by LT. 
11. 2.3 Force Ratios 
Two types of non-steady force and non-steady torque ratio plots, obtained 
by two different methods, are typically prepared. One method is to divide 
the magnitude of the non-steady force or non-steady torque at a given velocity 
ra tio by the corresponding steady force or steady torque magnitude at the 
same velocity ratio. Charts obtained by this method are titled, 11 Non-Steady 
Fo rce Ratio vs. Velocity Ratio". One difficulty is encountered using this 
procedure. As the velocity ratio increases, the steady force a~d steady 
torque generally approach zero, resulting in art i fically hi gh values of the 
fo rce and t orque ratio. The difficu l ty can be avoided by di vi ding the 
un steady force or unsteady torque at all velocity ratios by the steady force 
or steady torque at a single specified velo city ratio. This procedure all ows 
the non-steady f orce and non-steady torque values to be rel ated t o a si ngle 
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operating condition. Charts obtained by this second method are titled, 
11 Normalized Non-Steady Force Ratio vs. Velocity Ratio 11 • The normaliz i ng 
steady forces in the tangential and axial directions are denoted by F 
n 
and A respectively, and the normalizing steady torqu e is denot2d by T . 
n n 
11 . 3 Water Table Test Program 
The water table test program consists of two phases as follows. Phase 
one of the test program was a test on a typical LP turbine stage. Since 
LP blading is more nearly flat plates than any other type of blading, i.e., 
HP or LP, this test data was chosen for comparison w ~ th results obtained 
from the Kemp-Sears analysis . Phase two of the test program was designed 
to study the velocity field downstream of a row of turbine nozzles. A 
detailed descript i on of the magnitude and frequency of the spectral com-
ponents of the velocity field may increase the reliability of unsteady 
excitation resul t s obtained from the computer programs descr i bed in 
sections 7 and 8. 
11 . 4 Phase One Water Table Test 
The LP turbine stage geometry used in this phase of the water table test 
program is shown in figure 54. This stage was selected to provide a com-
parison of water table data with the Kemp-Sears gas dynamic excitation 
theories. The geometry of the stator row chosen was such that the turning 
angle was large at t he lead edge and small t hrough the t hroat section. 
This allowed the stator profile to simulate a flat plate, on which the 
Kemp - Sears analysis is based. The rotor blade geometry was selected from 
a low pressure stage because of the low camber and thickness to chord 
ratio associated with profiles of this type . Numer i cal values for the 
stage parameters are as fo 11 ows: 
Rotor So l idity Ratio 
Stator Solidity Ratio 
Pitch Ratio 
Spacing Ratio 
Number of stator blades 
Number of rotor blades 
Stage Pressure Ratio 
s / c 
r r 
\/CS 
s/sc 
b 1 /c 
r 
72 
100 
2. 79 
= 0.702 
= 0.536 
= 0.641 
= 0.5, 
1. 5 
1 . 0' 
(rotor pitch/ rotor chord) 
(stator pitch/ stator chord) 
(rotor pitch/ stator pitch) 
(axial clearance / rotor semi -
chord) 
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Using the above stage geometry, a test program was conducted to evaluate 
the effect on the blade excitation ratios of varying a major state parameter 
whi l e maintaining a constant pressure ratio. Other analog parametric 
effects such as absolute water depths and volumetric flow rates were held 
constant while the spacing ratio b' / c was varied. The spacing ratios 
r 
tested were b'/cr = 0. 5, 1 .0, and l .5. At each of these settings, excitation 
data was taken for at least 15 velocity ratio data points ranging in value 
from 0.30 through 1.3. Data was recorded at each point for subsequent reduc-
tion and comparison with excitation theory . Results are presented in figures 
55 through 85 . 
The pressure ratio of the prototype stage was 2.79. The stator inlet water 
depth was arbitrarily established at 1. 125 inches and the MW-2 correction 
factor was used to calculate the required rotor exit depth of 0.600 inches. 
This pressure ratio was maintained throughout all tests in phase one by 
using the same height ratio (h1;h3) . The reduced steady and non-steady data 
from the \vater table tests showed a number of distinct characteristics related 
to axial spacing and velocity ratio . The major trends in the data are des-
cribed be 1 m·~. 
11 . 4.1 Discussion of Spectral Data 
Tangential Spectra: Figures 55 to 59 
1. The tangential spectra show significant high amplitude, low 
frequency excitation up to 50 percent of nozzle passing frequency: 
see figure 58. As the velocity ratio increases the low frequency 
components tend to reduce in number, but to increase in amplitude. 
At the high velocity ratios, significant components do not exist 
above 25 percent of NPF, but the amplitudes are approximately 
300 percent of the amplitude at nozzle passing frequency. 
2. The effect of increased axial spacing on the tangential spectra 
is to broaden the bandwidth of the spectral component of nozzle 
passing frequency. At an axial spacing ratio of 0.5 a narrow 
band of excitation exists at nozzle passing frequency. At spacing 
ratios of 1. 0 and 1. 5 the bandwidth broadens so that significant 
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2).8 
amplitudes 2re observed at frequencies up to 3 Hz above and 
below nozzle passing frequency . It is felt that this is due 
to the increased width of the wake as the axial spacing 
increases. 
Axial Spectra: Figures 60 to 64 
l. The axial spectra exhibit the same low frequency characteristics 
as the tangential spectra, with increased amplitudes occurring 
at the higher velocity ratios , and high excitation components 
occurring in the low frequency range. 
2. Distinct one hertz side - banding of the nozzle passing frequency 
component is shown in figure 60 . These spectra did not seem 
to be sensitive to wake expans ion as the tangential spectra, 
although the plots for the l .5 axial spacing ratio show a 
somewhat broader nozzle passing frequency band than those of 
either the 0.5 or 1.0 axial spacing ratio . 
3. The axial data spectral plots show a strong l/8th harmonic 
of NPF consistently throughout the test range. Significant 
amplitudes of this harmonic do not appear in the tangential 
direction, but do appear in the torsional spectra. This fact 
is important because the strain gage monitor post is sensitive 
to water-table-generated noise and to background excitation 
in both the tangential and axial directions, but is insensitive 
to extraneous signals in the torsional mode. The lack of a 
strong l /8 th harmonic in the tangential spectra, and the presence 
of this harmonic in the torsional spectra tends to indicate that 
this hannonic is a flow-excited phenomenon . 
Torsional Spectra : Figures 65 to 67 
l . The torsional spectra support the idea that the broadening 
spectral band -width around NPF (and the associated reduction 
in amplitude) is due to the wake expansion as the axial spacing 
increases. 
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2. The torsional spectra contain more discrete low frequency 
components than the tangential and axial spectra, indicating 
that some of the low frequency components in the tangential 
and axial directions are due to background noise or random 
water table noise. The trends toward increasing NPF amplitudes 
with increasing axial spacing, and toward decreasing spectral 
band-widths around NPF at high velocity ratios are again evident. 
11 .4.2 Steady Force Data 
Steady Tangential Force vs. Velocity Ratio: Fiture 68 
1. The curve of the steady tangential load decreases linearly as 
the velocity ratio increases. The slope of this curve shows 
a maximum variation of three percent between the three axial 
spacing ratio settings. This demonstrates the repeatability 
of the steady load versus speed relationship for the flow. 
2. The fonn of the curve appears to be consistent with theory, i.e., 
the lift decreases due to the relative velocity change. For 
increasing velocity ratios, the lift coefficient also decreases 
thus reducing the effective tangential loading on the monitored 
blade, due to decreased angle of attack. 
Steady Axial Force vs. Velocity Ratio: .Figure 69 
1. The general trend of the curves is a linear decrease in steady 
axial load with increasing velocity ratio. An inflection point 
occurs in all three curves at a velocity ratio in the range of 
0.5 to 0.6. The slopes of all curves at velocity ratios below 
the inflection range agree to within ten percent, independent 
of the axial spacing. Similar comments apply for the slopes at 
velocity ratios greater than 0.6. 
2. The general curve shape again seems compatible with airfoil 
theory for varying incidence angles. At higher velocity ratios 
both the drag and the lift functions decrease due to the decrease 
in angle of attack. The axial and tangential load is related 
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vectorially to the lift and drag components and a direct 
correlation is not possible without the resolution of these 
forces, as discussed in Section 12. 
3. Magnitudes for the steady axial load at a specific velocity 
ratio are approximately the same for each axial spacing 
ratio. This seems to indicate little change in the expansion of 
the nozzle exit flow due to changes in the axial spacing between 
blade rows. The small changes in the magnitude of the steady 
loads may be due to small errors in velocity ratio measurements. 
Steady Torque vs. Velocity Ratio: Figure 70 
l. The curves of steady torque versus velocity ratio appear to 
be slightly domed, with the peak value at a velocity ratio 
of about Vr = 0.8. Large scatter and drift in the results 
make meaningful analysis very difficult. 
2. The form of these curves is difficult to define because 
of the complex flow pattern. It is believed that isolated 
airfoil theory does not give a reliable guide in the case of 
torsion. Subsequent tests at the same velocity ratios tend 
to suggest that the observed scatter is valid. It also appears 
that the data obtained for an axial spacing ratio of 1.0 is 
in error due to significant amplifier drift. The scattering 
observed in the data for axial spacing ratios of 0.5 and 1.5 
may well be valid due to the complex flow regime surrounding 
the profile. Similar scatter does not appear in the axial 
and tangential data, since the flow effects tend to be averaged 
in the axial and tangential loading. 
11.4.3 Non-Steady Force Ratio Data 
Non-Steady Tangential Force Ratio vs. Velocity Ratio: Figure 71 
1. The non-steady tangential force ratio curves for the three 
axial spacing ratios all follow the similar trends. The curves 
consistently peak at a velocity ratio of about 0.6, then 
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~3 
decrease to a minimum at a velocity ratio of 1.0, and finally 
increase as the velocity ratio approaches 1.3. The reason 
for this curve shape is not known, but it is thought to be 
due to the interaction of the impulsive and reaction loading 
at the high attack angles. 
2. The magnitude of the non-steady tangential force ratio seems 
to be dependent on the axial spacing. For the lower axial 
spacing ratio the peak occurring at Vr = 0.6 reaches a value 
of 0.05. For the middle and upper axial spacing ratios the 
corresponding peak reaches values of 0.032 and 0.035 respec-
tively. The minimum value occurring at a velocity ratio of 
unity shows the same trend. 
3. A plot of the normalized non-steady force ratio (dividing 
by a constant steady force rather than by the instantaneous 
steady load) in figure 72, shows the same trends as previously 
mentioned. It is felt that this approach is more representa-
tive of the excitation and it can be seen that the peaking at 
high velocity ratios becomes · less significant than in the 
non-normalized plots. 
4. A possible explanation for the peak values which occur at a 
velocity ratio of 0.6 is that separation of flow at the lower 
velocity ratio causes high excitation. As the incidence angle 
decreases, a more suitable flow regime is established reducing 
the blade excitation. This theory is supported by the spectra 
which show broad band excitation at the low velocity ratios. 
Non-Steady Axial Force Ratio vs. Velocity Ratio: Figure 73 
1. The non-steady axial force ratio curves follow much the same 
trend as the tangential non-steady force curves, i.e., a peak 
value occurs at a velocity ratio of about 0.6. The non-steady 
axial force ratio decreases to a minimum at a velocity ratio of 
1.0 but, unlike the non-steady tangential force ratio, remains 
relatively constant for velocity ratios above 1.0. 
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2. The magnitude of the normalized non-steady axial force ratio 
decreases wi t h increasing axial spac i ng· ratio: see figure 74. 
This phenomenon is attributed to the decrease in wake strength 
associated with increased axial spacing. 
3. The peaking effect observed in the velocity ratio range 0.6 
to 0.7 may again be caused by flow separation which disappears 
as the incident flow angle approaches the design condition. 
Non-Steady Torque Ratio vs. Velocity Ratio: Figure 75 
1. The curve shapes for the normalized non-steady torsional loading 
appear to be consistent for all three tests, i.e., domed curves 
with peaks in the velocity ratio range of 0.8 to 0.9 as shown 
in figure 76. There is an indication of a minor peak around 
Vr = 1. 1, which appears in all plots. 
2. The peak value of the excitation is nearly constant for each 
of the axial spacing ratios. This peak value is approximately 
0.04 although this value may be exceeded in certain instances 
due to the variation in the steady loading explained previously. 
Additional plots of the steady tangential and axial forces and the steady 
torque at each of the axial spacing ratios tested are given in figures 77 
through 79. Plots of the non-steady tangential force ratio, non-steady 
axial force ratio and non-steady torque ratio ,.at each axial spacing ratio 
are given in figures 80 through 82. Plots of the normalized non-steady 
tangential force ratio, normalized non-steady axial force ratio and normal ize< 
non-steady torque ratio at each axial spacing ratio are given in figures 83 
through 85. 
11 . 5 Phase Two Water Table Test 
This phase of the water table test program was intended to examine the extent 
to which the flow field downstream of a cascade of stator blades on the wa ter 
table models that downstream of the same cascade in the prototype gas. No 
strain gage data was required to make this comparison. 
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11.5.l Experimental Procedure 
A single row of stators, shown i n figure 86, was mounted on the water table 
using the procedure described in section 11 . l. No rotor blades were installed 
downstream of the stators. Numerical values for the stator cascade are as 
follows: 
Pitch s = 2.314 
Chord c = 4.092 inches 
Number of stator 
blades 82 
Pressure ratios 1 . 05' l. 10' 1. 20 
Nozzle exit Mach 
numbers 0.28, 0.34, 0.46 
The velocity field downstream of the stator cascade was measured at each of 
t he three pressure ratios as follows. The hot film anemometer probe was 
mounted on a special carriage attached to the rotor. The carriage was 
designed to allow the probe to be positioned at the required distance 
f rom the trail edge of the stator cascade. With the probe locked in the 
carriage, the rotor was slowly rotated through four to six complete 
revolutions . to obtain the circumferential variation of the stator exit 
velocity at the three values of axial spacing shown i n figure 86. Plots 
of the anemometer output versus time for the three pressure ratios are 
given in figures 87 through 95. Spectral plots of the data at the nominal 
axial spacing (0.90) are given in figures 116 ·through 118. 
11.5.2 Discussion of Data 
Anemometer Output vs. Time Plots: Figures 87 through 95 
The general form of the velocity field downstream of the stator cascade is 
shown in these plots. The ordinate of these plots (anemometer output) is 
a voltage. The anemometer output voltage must be converted to velocity 
using the calibration curve shown in figure 96 in order to obtain the 
true velocity profile. The relationship between the output voltage and the 
velocity is nearly linear in the range of voltage between 7.86 and 8.32 
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Figure 96. Anemometer Output Voltage vs. Flow Velocity 
~l 
volts as shown in figure 97. Below this range the relationship between 
voltage and velocity is highly nonlinear. The minimum velocities asso-
ciated with a pressure ratio of 1.1 and all velocities associated with 
a pressure ratio of 1.05 lie in the nonlinear range. Great care must 
therefore be taken in comparing these plots. The magnitude of the free 
stream and wake velocities decreases from a maximum at the highest pressure 
ratio to a minimum at the lowest pressure ratio at all three axial spacings. 
The time plot data was reduced by reading the average minimum voltage 
in the wake and the average maximum voltage in the free stream from 
the time plots and converting these numbers to minimum and maximum 
velocities using figures 96 and 97. The ratio of the average minimum 
velocity to the average maximum velocity for each pressure ratio and 
each axial spacing was then detennined. The values of the velocity 
defect ratio are given in table 14. 
The high frequency components superimposed on the voltage traces are 
due to flow turbulence. The probe was therefore held stationary in 
both the free stream and the wake at all three axial spacings while a 
spectral analysis was performed on the output. The spectral plots obtained 
in this manner, figures 98 through 115, give the peak amplitudes of each 
frequency component in the raw data. The power spectral density lPSDl 
on each plot gives an indication of the turbulence level in the flow, 
i.e., a high PSD implies a high turbulence level. It is evident from 
these plots that a higher level of turbulence ~ exists in the wake than in 
the free stream at all pressure ratios and at all axial spacings. The 
turbulence level in both the wake .and the free stream at a given axial 
spacing decreases from a maximum at the highest pressure ratio to a mini~ 
mum at the lowest pressure ratio. The turbulence level in the wake at 
a given pressure ratio decreases as the axial spacing is increased while 
the free stream turbulence level increases with increasing axial spacing. 
This is due to the mixing between the wake and the free stream which 
causes the wake to decay. 
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Figure 97. Anemometer Output Voltage vs Flow Velocity in Linear Range. 
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TABLE 14. Velocity Defect Data for Several Axial Spacings and Pressure Ratios. 
Pressure Axial Average Average v . 
Ratfo Spacing Minimum Maximum min 
-v-
Velocity Velocity max 
vmin (ips) Vmax (ips) 
1. 20 0.45 4.44 6.63 0.67 
l. 20 0.90 4.36 5.36 0.81 
1. 20 l.80 5.42 6.88 0.79 
l. l 0 0.45 1. 92 4.28 0.45 
l. l 0 0.90 2.81 4.07 0.69 
1. 10 1.80 4.85 6.31 0. 77 
1. 05 0.45 1. 56 4.20 0.37 
1. 05 0.90 1. 25 1.84 0.68 
1. 05 1.80 l. 20 1. 92 0.63 
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Spectral Plots: Figures 116 through 118 
The spectra obtained for all three pressure ratios at the nominal axial 
spacing (0.90) consist of a strong fundamental component (NPF) and little 
or no higher harmonic components, indicating that the velocity variation 
downstream of the stator row is nearly a pure sinusoid. The magnitude of 
the second harmonic of NPF is 25 percent of the magnitude of the NPF com-
ponent at a pressure ratio of 1.2 and 19 percent of the fundamental magni-
tude at a pressure ratio of 1.05. No significant second harmonic of NPF 
is evident at a pressure ratio of 1.1. Similar comments apply to the 
spectra obtained at the other axial spacings. The instrumentation is 
incapable of determining the phase relationship between these spectral 
components. Care should be taken in any attempt to reconstruct the velocity 
profile using the harmonic components from these spectra. 
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12.0 COMPARISON OF WATER TABLE RESULTS WITH THEORETICAL RESULTS 
12. 1 MODELING CONDITIONS FOR KEMP-SEARS ANALYSIS 
To apply the Kemp-Sears analyses [2] [3] to an actual turbine stage it is 
necessary to redefine the actual stage parameters shown in figure 119 so 
that they are compatible with the Kemp-Sears parameters shown in figure 1. 
The geometry of a low-pressure turbine stage may be made to correspond to 
that of the elementary Kemp-Sears stage, within the basic assumptions and 
limitations of the analysis. The velocity triangle associated with the 
prototype stage may differ considerably from that of the Kemp-Sears stage, 
and these velocity triangles must be matched in order for the Kemp-Sears 
stage theory to apply. This matching is achieved by assuming that the 
axial velocity component Va is constant through the stage. First consider 
the row of stator blades, shown in figure 119. The Kemp-Sears analysis 
requires a single velocity Vs to be associated with the stator row. Since t he 
axial components of the inlet velocity v1 and the exit velocity v2 are assumed 
to be equal, the stator inlet and exit velocities can differ only in the 
magnitude and sign of their respective tangential components. Vtl and vt2. 
The tangential component of the velocity Vts is the average of Vtl and vt2' 
ie 
It must also be assumed that the stator inlet velocity v1 is equal to the 
stage exit velocity v5 so that: 
and (12. l) 
= 
Even though this limitation may not exist in an actual stage, it is required 
in the analytical model or a net circulation will exist across the stage wh ich 
is not included in the Kemp-Sears analysis. The magnitude of the velocity 
Vs is given by: 
u 
Rotor Blade Inlet 
Velocity 
Triangle 
287 
v, 
u 
Rotor Blade Outlet 
Velocity 
Triangle 
Figure 119. Velocity Notation for Turbine Stage. 
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(12.2 ) 
By a similar process, the magnitude of the velocity Vr can be shown to be: 
(12.3 ) 
where (12.4 ) 
The stator exit flow angle a can be approximated as: 
. -1 (-4-) a = sin u (12.5 ) 
s 
where s is the stator throat width and ds is the stator pitch. The stage 
exit flow angle B may be approximated by the rotor blade trail edge angle. 
The following trigonometric relations exist between the components of the 
velocity triangle as shown in figure 119: 
Va = v2 sin a (12.6 ) 
v tl = vts = -V2cot S sin a + U 
vt2 = v2 cos a (12. 7) 
vt3 = v2cos a -U 
vt4 = v2cot S sin a 
289 
ingles as and ar shown in figure 1 may be expressed in terms of the 
~ velocities as follows. 
as = ( 12. 8) 
v 
- cos-l ~ V V vs t2 + t5 < 0 
v 
+ cos-l ~ V V 
vr t3 + t4 s 0 
ar = ( 12. 9) 
v 
- cos- 1 ~ V V Vr t3 + t4 > 0 
'. RELATIONS BETWEEN NON-STEADY LIFT AND DRAG AND NON-STEADY FORCES 
fhe values of the above variables are functions of the rotor speed_ ~. The 
stator exit velocity v2 was measured using a hot wire anemometer. The 
computer program given in Section 7 was used to calculate the ratio of un-
steady lift to the steady lift, at space/chord ratios from 0.5 to 1.75, for 
velocity ratios of 1.23 and 1. 14. The data from the water table test described 
in Section 11 was obtained in the tangential ~ and axial directions, as opposed 
to the lift direction (perpendicular to the chord). In order to compare the 
Kemp-Sears results with experimental results, the following procedure was 
employed. 
For the flat plate shown in figure 120, let the total steady load be represented 
by the vector R. This resultant vector can be expressed in terms of the vector 
sum of the lift L and the drag D, or by the vector sum of the steady axial force 
A and the steady tangential force F. The lift vector L can be divided into its 
axial and tangential components LA and LT whose magnitudes are given by: 
LA = L sin ¢ 
LT = L cos <P (12.10) 
1 -~ - - ' 
290 
v 
r~ 
Figure 120. Loading on an Airfoil in Terms of: Lift and Drag Forces; 
and Tangential and Axial Forces. 
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Similarly the drag force has components 
DA = D cos ¢ 
(12.11) 
OT = D sin cp 
The steady axial and tangential forces can then be expressed in terms of the 
lift and drag forces 
A = LA + DA 
and (12.12) 
F = LT - DT 
The magnitudes of the steady lift and drag forces are given by 
L = CLpcV~ 
D = c cv2 D r · 
c = semi-chord 
(12.13) 
per unit depth. The unsteady forces are treated in a similar manner. 
The magnitudes of the unsteady axial and tangential forces are: 
tiA = 6L sin ¢ + 60 cos ¢ 
6L cos ¢ - 60 sin cp (12.14) 
per unit length, where the value of 6L is calculated by multiplying the re-
sult of the Kemp-Sears analysis (6L/L) by the calculated steady lift. Con-
siderable difficulty exists in the determination of the unsteady drag 60. 
As a first approximation, it was assumed that the ratio of the unsteady drag to 
the steady drag is equal to the ratio of the unsteady lift to the steady lift ie. 
60 6L 
T=T 
Solving the above expression for the unsteady drag gives: 
60 = ( --~) ~L L 
(12.15) 
(12 . 16) 
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The ratio of drag to lift is given by : 
(12.17) 
For the lift and drag coefficients occurring in this instance, the value of 
unsteady drag is given by: 
liD = (0. 09) til (12.18) 
Changes in the lift and drag coefficients will change the magnitude of the 
resulting curves, but the curve shape will remain the same. 
12.3 Sample Calculations 
The procedure described above will be demonstrated using conditions which 
were set for a single water table run as listed below. 
Rotor Solidity Ratio (RSIGR) 
Stator Solidity Ratio (RSIGS) · 
Pitch Ratio dr/d
5 
(RATIO 1) 
Stator Exit Velocity (V 2) 
Stator Pitch (d$) 
Stator Throat Width (s) 
Axial Spacing Ratio (RATI02) 
Rotor Speed (RU) 
Lift Coefficient (RCLR) 
Drag Coefficient (RCDS) 
Rotor Stagger Angle (8) 
1.4246 
1. 8652 
0.6408 
18.8 ips 
2.038 in. 
0.349 in. 
0.50 
23.06 ips 
1. 2 
0. 11 
l. 117 rad. 
The stator exit angle a is calculated using equation (12.5) above . 
. -1 ( s ) . -1(0.349) 0 172 rad 
N = sin ~d - sin -
'-" - 2. 038 - . 
s 
The axial velocity component from equation (12.6) is given by 
.Va = v2sina = 18.8 sin(.172) = 3.218 
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The tangential components of the velocities v1 to v5 are calculated by equations 
: 12. 7). 
Vtl = VtS = V2cotSsin a+ U = (18.8)cot(l.117)sin(.172) + 23 .. 06 
= 21.49 
Vt2 = V2cosa = (1S.8)cos(~172) = 18.52 
Vt3 = V 2co~a - U = (18.8)cot(.172) 23.06 = -4.54 
Vt4 = V2cotSsina = (18.8)cot(1.117)sin(.172) = 1.57 
The tangential components of the velocities V5 and Vr are found using equations 
( 12. 1) and ( 12. 4) . 
vts = 1/2 (Vts + vt2) = 112 (21.49 + 18.52) = 20.01 
vtr = 1/2 (vt3 + vt4) · = 1/2 (-4.54 + 1.57) = -1.49 
The velocities Vs and Vr which are input to the program are found using equations 
(12.2) and (12.3). ~ 
Vs = [(Vts) 2 + (Va) 2J112 = 20.26 = RVS 
Vr = [(Vtr) 2 + (Va) 2J112 = 3.57 = RVR 
The angles a and a are calculated from equations (12.8) and (12.9) and are 
s r 
both positive. 
cos- 1 
v 
as = 
a 
= 1. 41 RAP HAS v; = 
ar = cos-
1 Va 0.44 RAP HAR vr = = 
294 
Using the data, the program calculated the magnitude of the unsteady lift 
ratio to be: 
6L = 0.2057 T 
The magnitudes of the steady lift and drag can be determined from equations 
(12.13). 
= 2. 99xl0- 4 
D = C0 pcV~ = . 11 (2. lxlo- 5)(.93)(3.57)2 
= 2. 74xl0- 5 
The unsteady lift is given by 
6L = 6~ L = 0.2057(2.99xl0- 4) = 6. 15xlo- 5 
The unsteady drag is calculated using equation (12. 16) to be 
60 = (0.09)6L -6 = 5.81x10 
Components of the steady lift in the axial and tangential directions are 
calculated by equations (12. 10); 
LA = L sin ~ = 2.687 x lo- 4 
LT = L cos~ = 1.311 x 10-4 
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where ¢ is the stagger angle. Similarly the drag components from equations 
( 12 . 11) are 
DA = 1.202 x 10-S 
OT = 2 . 46 x 10-S . 
The steady axial and tangential forces are given by equation (12.12) to be 
A = 2.807 x 10-4 
F = 1.065 x 10- 4 
The unsteady forces in the axial and tangential directions from equations (12.14) 
are 
~A = 5.78 x 10-S 
~F = 2.17 x 10-S 
Using these results the magnitudes of the nonsteady force ratios in the axial 
and tangential directions can be calculated. 
12.4 Comparison of Kemp-Sears Results with Water Table Results 
Figure 121 is a plot of lift ratio (~L/L) versus the axial spacing ratio 
(b 1 /cr) for the two velocity ratios considered (Kemp-Sears notation). The 
lift ratio exhibits an exponential decrease with increasing axial spacing 
ratio. These results are also expressed in terms of their axial components 
and the tangential components by the above procedure. Curves of results 
are plotted with experimental data from the water table results given in 
0 
.,.... 
+..> 
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_J 
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i:J 
ro 
Q) 
+..> 
Vl 
c 
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0.2 
0. 1 
0 
0.50 1. 00 
Axial,Spacing Ratio b'/c 
r •• 
1. 50 
Figure 121.· Unsteady Lift Ratio vs. Axial Spacing Ratio Predicted by 
· Kemp-Sears Theory [2] [3]. 
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Section 11, in figures 122 through 125. Theoretical curves for ~D = 0.0 (~L), 
and ~D = 0.09 (~L) are given to show that the influence of the non-steady 
drag coefficient is negligible. The experimental data for the axial force 
ratio increases, and then decreases with increasing axial spacing ratio, 
while the theoretical data predicts a steady exponential decrease with 
increasing axial spacing ratio. The experimental data for the tangential 
force ratio decreases with increasing spacing ratio, as shown in figures 
123 and 125, though this increase is more gradual than that predicted by the 
Kemp-Sears theory. In general, numerical agreement between the experi-
mental and theoretical results is reasonably good for axial spacing ratios 
greater than 1.0. 
It is felt that the four-major factors listed below influenced the correlation 
achieved between the Kemp-Sears theoretical results and the water table 
results. 
1. Supersonic Flow Conditions. The water table data used here for comparison 
purposes was obtained from test conditions which model realistic LP blade flows, 
with a stage pressure ratio p = 2.76 ie supersonic inlet flow. These test 
r 
conditions were established to obtain non-steady excitation data for an L.P. 
stage and were later utilized for the comparison described in this section. 
The Kemp-Sears theory applies for incompressible flow conditions. Some lack 
of correlation must therefore be expected, expecially for low spacing ratio 
values. 
2. Isolated Airfoil ·Theory. The Kemp-Sears analysis applies to an isolated 
airfoil. Errors will occur in the results to the extent that interactions occur 
from adjacent blades. Both the test conditions and the restrictions of the 
theory used will therefore influence the observed correlation. 
3. Stator Exit Flow Velocity and Direction. The stator exit velocity magnitude 
and direction is apparently dependent on axial clearance and rotor speed. In 
the absence of other infonnation, during testing it was assumed that the magni-
tude and direction of this velocity did not vary as a function of axial spacing. 
This could account for the extremely low values obtained for the force ratios in 
0 
.,..... 
0.2 
298 
Velocity Ratio Vr = 1.14 
= (0.0) til 
60 = 
0. l 
Water Table Test Results 
0 
0.5 1. 0 1. 5 
Axi~l Spacing Ratio 
. 
Figure 122. Unsteady Axial Force Ratio vs. Axial Spacing Ratio Obtained by 
Kemp-Sears Analysis and From Water Table Tests . 
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60 = (0 . 0) 6L 
60 = (0.09)6L 
Water Table Test Results 
0.5 . 1. 0 
Axial Spacing Ratio 
Velocity Ratio - V· = 1.14 
r 
1. 5 
Figure 123. . Unsteady Tangential Force Ratio vs. Axial Spac i ng Ratio Obtained 
. by Kemp-Sears Analysis and From Water Table Tests. 
Velocity Ratio 1. 14. 
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both the tangential and axial directions, at the lowest spacing ratio. 
4. Viscous Stator Wakes. The Kemp-Sears analysis assumes the viscous wakes 
behind the stator blades to be identical in form to that behind an isolated 
airfoil. The correlation achieved between the theoretical results and the 
water table results depends on the extent to which this assumption is valid. 
Of these factors, the third and fourth appear to be of primary importance. 
For this reason, phase two of the test program was implemented. 
12.5 COMPARISON OF VELOCITY DEFECT DATA WITH THEORY 
Several theories for determining the velocity defect in the wake downstream 
of an airfoil are available in the literature. Kemp and Sears [3] used the 
semi-empirical relationship obtained by Silverstein, Katzoff and Bullivant 
[43] to define the viscous wakes in their analysis. The expression for the 
ratio of the minimum velocity in the wake to the free stream velocity is 
~ 1.21 c 0~ UC -
\f - 1 - x/c + 0.3 
(12.15) 
where u is the minimum velocity in the wake, V is the free stream velocity, 
c 
c0 is the drag coefficient of the airfoil, x ~s the coordinate in the 
direction of the free stream velocity as shown in figure 126 and c is the bl ade 
chord. This expression was obtained for an uncambered isolated airfoil. Spe nce 
[91] observed that the velocity recovery in the wake is actually more rapid 
than that predicted by Silverstein et. al. and gave the following expression 
for the velocity defect. 
u~ = 1 - 0. 1265(x/c + 0.025)-~ (12.16) 
This expression is independent of the airfoil drag coefficient but is again 
303 
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Figure 126. Wake Notation of Silverstein, Katzoff and Bullivant [43]. 
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applicable to isolated airfoils. Raj and Lakshminarayana [56] give one of 
the few expressions for the maximum velocity defect downstream of a cascade 
of airfoils. For the near wake (x/c~ 0.05) the velocity defect is given by 
u c 1. 25 C0% 
V = 1 - -( x-. !--c--+-0-.-02_)_0_. 4-6 (12.17) 
and for the far wake (x/c > 0.05) 
u c 
= 1-v 
l 0.4 c0~ • 1 
c/s x/c 
(12.18) 
wheres is the pitch. The authors have reported excellent agreement between 
this theory and experimental results. The drag coefficient for airfoils in 
cascade is typically in the range 0.01 ~ c0 ~ 0.08. Figure 127 .- is a plot of 
the minimum velocity in the wake expressed as a percent of the free stream 
velocity versus spacing ratio obtained by the three theories above for an 
airfoil of drag coefficient 0.02. It is evident that the effect of cascading 
airfoils (dashed curve) is to increase the rate of velocity recovery in the 
wakes from the rate observed for isolated airfoils. Figure 128 is a compar-
ison of experimental data obtained from a water table test of a stator cascade 
and data obtained from an air test rig for the same cascade [92] with the 
theory in references [56] and [43]. The good agreement between the air test 
data and the theoretical curve from reference [56] indicates that the drag 
coefficient used in calculating the theoretical results (0.02) is close to 
the real value. The percent difference between the theoretical values of 
reference [56] and those obtained from the water table is largest at the 
smallest spacing ratio (34%) and decreases to 18% at the largest spacing 
ratio. The percent difference between the theoretical values from reference 
[43] and experimental values from the water table varies from 19% at the 
smallest spacing ratio to 9% at the largest spacing ratio. This could 
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account for the poor agreement between the Kemp-Sears results and the water 
table results at low values of spacing ratio. 
Figure 129 is a plot of the velocity field measured downstream of the stator 
cascade in an air turbine test rig [92]. Figure 130 is a plot obtained 
from the water table model of the same cascade. From a comparison of these 
figures, it is evident that the wake observed on the water table is 
significant wider than the wake observed in the air test rig. Since the 
wake observed on the water table is so wide, the velocity profile becomes 
nearly sinusoidal as shown in Section 11.5.2. If the velocity field is 
defined in tenns of a Fourier series to be used as input to the computer 
programs as suggested in Section 9, the water table wake would consist of 
a strong fundamental component and very small higher harmonic components 
as shown in Section 11.5.3. The wake observed in the air test rig would 
also consist of a strong fundamental component but would also consist of a 
strong fundamental component but would have additional higher harmonic 
components not present in the water table wake, as demonstrated by the 
following. 
If the wakes shown in figure 129 are idealized to the form shown in 
figure 131 (a) the Fourier series expansion given in reference [93] is 
cc 
f(x)= ~ (lta.)+n-"~1-c.) ~ ~1 [<-l)''c.o~l\lta.-i] <::.o$nwx (12.19) 
where a = ~L and w = rr/L ie nozzle passing frequency. Figure 131 (b) 
shows the amplitudes of the harmonics of nozzle passing frequency expressed 
as a percentage of the amplitude of the nozzle passing frequency component. 
Strong hannonics are evident throughout the frequency range considered. 
For subsonic (incompressible) flow conditions the width of the downstream 
wake as well as the magnitude of the velocity defect are strongly dependent on 
the drag coefficient and therefore on the Reynolds number of the flow. The 
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c 
·I 
1. 0 
L 3L 
a) Idealized wake profile 
1. 00 
w 2w 3w Sw 
b) Amplitude of harmonic components of idealized wake 
Figure 131. Spectral Components of Idealized Wake Behind an Isolated 
Ai rfoi 1. 
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highest nozzle exit Mach number of the stator cascade used in the phase 
two testing was M = 0.46 implying sensibly incompressible flow. It would 
appear that Reynolds number modeling would be more suitable for tests of 
this nature. The phase one water table test was performed at a nozzle 
exit Mach number of 1.16 ie transonic flow. The Mach/Froude number 
modeling procedure appears to be adequate for such compressible flows 
though the wake properties near the trailing edge of the stator row are 
evidently dissimilar to those in the prototype machine. The difficulties 
associated with Reynolds number modeling have been discussed by several 
authors [70] [78]. By the very nature of the analogy the prototype gas 
velocity is nearly 1000 times that of the water velocity. Typically the 
kinematic viscosity of the prototype gas is 30 times that of the water. 
If the Reynolds numbers are to be matched, the water table model would 
have to be 33 times that of the prototype. Adams [78] has suggested 
heating the water to decrease the viscosity and thereby improve the 
Reynolds number similarity. If the water is heated to 120°F, the size 
of the water table model can be reduced to 20 times that of the proto-
type. At present heating the water appears to be an impractical 
solution. The use of liquids other than water has also been proposed 
by Adams and has been done by Bromelburg [90]. Unfortunately, liquids with 
viscosities lower than that of water which are corrvnercially available in the 
large quantities required are generally expensive, usually volatile and 
frequently explosive. The need for further studies of Reynolds number 
modeling is obvious. If it is found that Reynolds number modeling is 
impractical due to cost, size or safety factors, it must be concluded that 
the water table is limited to modeling stages in which the flow is 
compressible ie for Mach numbers above 0.7. 
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13. CONCLUSIONS 
1. Several analytical methods for the determination of unsteady 
forces on turbomachine blades under subsonic flow conditions 
have been described and a review of the state-of-the-art has 
been given. 
2. The limitations and range of applicability of each analysis 
have been defined and compared with other similar analyses. 
3. A library of computer programs based on several of the above 
analyses has been developed and each program has been verified 
by comparing the results with sample results given by the 
authors. 
4. Input and output instructions for each of the programs in the 
library have been given. 
5. Guidelines and suggestions for further development of the 
program library have been given. 
6. The theory of the hydraulic analogy has been presented with 
specific reference to the assumptions which are made in the 
mathematical formulation of the analogy. 
7. Specific heat ratio correction factors which are used in 
hydraulic analogy studies have been ~ described. 
8. A two phase water table test program, intended to provide 
experimental verification of the Kemp-Sears theory and of the 
quantitative accuracy of the hydraulic analogy to subsonic gas 
flow, has been described. 
9. Agreement between the dimensionless unsteady force obtained fonn 
a water table model stage and the dimensionless unsteady force 
predicted by the Kemp-Sears theory has been shown to be good 
when the axial spacing between the trailing edge of the stator 
and the leading edge of the rotor blades is greater than one-half 
of the blade chord length. 
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10. The empirical model of the stator viscous wakes on which the 
Kemp-Sears analysis is based has been shown to be inaccurate 
for airfoils in cascade. An improved model for the wakes has 
been discussed. 
11. A comparison of the wakes downstream of a stator cascade on 
the water table and the wakes downstream of the analogous 
cascade in an air test rig under low subsonic flow conditions 
has been made. The agreement is sufficiently poor as to raise 
questions regarding the applicability of Mach/Froude number 
modeling in such cases. 
12. The problems of Reynolds number modeling and the feasibility 
of using this modeling procedure for water table tests are 
discussed. 
------ - --- --·-
14. RECOMMENDATIONS 
1. A reformulation of the vortex theories of Kemp-Sears [3] and 
Osborne [4], using the viscous wake model of Raj and 
Lakshminarayana [56], is recommended. 
2. The Kemp-Sears [2] [3] and Osborne [4] stage analyses should be 
extended, using the Horlock [13] and Holmes []4] functions, to 
include the effects of convecting and non-convecting streamwise 
gusts on the unsteady blade forces. This will require the down-
wash velocity at the blades to be calculated in the analysis. 
3. The Kemp-Sears program (LERAO) should be modified to reflect the 
changes indicated in items 1 and 2 above. 
4. The analysis of Mukhopadhyay [18] should be extended to include 
the effects of a general convecting gust on the unsteady airfoil 
forces, and to include stage effects. 
5. The existing computer program library should be extended to 
include the modified Osborne analysis (item 2 above), the 
modified Mukhopadhyay analysis (item 4 above), the Smith [32] 
analysis and the Whitehead [27] analysis. 
6. An experimental program should be undertaken to provide data for 
comparison to the results of the actuator disk programs. The 
blading used in such a program would preferably have been tested 
in an air test rig, thereby allowing a comparison of the water 
table data with air test data. 
7. A study of the feasibility of Reynolds number modeling on the 
water table should be conducted and, if such modeling is possible, 
a study of the quantitative accuracy of the wakes downstream of 
a cascade of stator blades on the water table under these model-
ing conditions should be conducted. 
---· - --
•• >.. .. .. - t ..... 
= ~·· ' :-
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8. An experimental investigation should be conducted to 
the effect of surface tension reduction and undistur l 
depth changes on the propagation velocity of gravity 
shallow water. This investigation should be conduct 
a rectilinear channel and a circular test section. 
9. An experiment identical to that of Harleman and Ipp 
be conducted using existing techniques for surface 
Data obtained in a rectilinear flow channel and a 1 
channel should be compared to results obtained by 
10. An experiment similar to that of Holmes [14] shou l 
ducted in a recilinear flow channel and on the wa· 
comparison of the data obtained by hydraulic anal 
obtained by Holmes should be made . 
\ 
\ 
\ 
\ 
\ 
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